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Abstract
Starting at 3-loop order, the massive Wilson coefficients for deep-inelastic scattering and
the massive operator matrix elements describing the variable flavor number scheme receive
contributions of Feynman diagrams carrying quark lines with two different masses. In the
case of the charm and bottom quarks, the usual decoupling of one heavy mass at a time
no longer holds, since the ratio of the respective masses, η = m2c/m
2
b ∼ 1/10, is not small
enough. Therefore, the usual variable flavor number scheme (VFNS) has to be generalized.
The renormalization procedure in the two–mass case is different from the single mass case
derived in [1]. We present the moments N = 2, 4 and 6 for all contributing operator matrix
elements, expanding in the ratio η. We calculate the analytic results for general values of the
Mellin variable N in the flavor non-singlet case, as well as for transversity and the matrix
element A
(3)
gq . We also calculate the two-mass scalar integrals of all topologies contributing
to the gluonic operator matrix element Agg. As it turns out, the expansion in η is usually
inapplicable for general values of N . We therefore derive the result for general values of
the mass ratio. From the single pole terms we derive, now in a two-mass calculation,
the corresponding contributions to the 3-loop anomalous dimensions. We introduce a new
general class of iterated integrals and study their relations and present special values. The
corresponding functions are implemented in computer-algebraic form.
1Present address: Institut fu¨r Theoretische Teilchenphysik Campus Su¨d, Karlsruher Institut fu¨r Technologie
(KIT), D-76128 Karlsruhe, Germany.
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1 Introduction
The heavy flavor corrections to deep-inelastic scattering for pure photon exchange are known
to leading [2] and next-to-leading order (NLO) [3]2. The present accuracy of the deep-inelastic
world data requires next-to-next-to leading order (NNLO) QCD analyses in order to determine
the strong coupling constant αs(M
2
Z) [5–7] to ∼ 1% accuracy at NNLO, to obtain highly accurate
values for the charm and bottom quark masses mc and mb, and to make precise determinations of
the parton distribution functions. All of this is in turn needed to describe precision measurements
at the LHC [8] and at facilities planned for the future [9, 10].
In the region of large scales Q2  m2, analytic expressions for the heavy flavor Wilson
coefficients have been obtained at NLO [11,12]. A factorization relation valid in this asymptotic
region was given in Refs. [11,13]. For the structure function F2(x,Q
2), the asymptotic corrections
are sufficient at scales Q2/m2 >∼ 10, cf. [11]. The massless corrections at NNLO to the deep-
inelastic structure functions are available [14–16], while for the corresponding massive corrections
in the asymptotic limit, a series of moments has been calculated in the single heavy mass case
[1] for all contributing terms in neutral current deep-inelastic scattering. The calculation of
the general expressions for the Wilson coefficients is still underway. The asymptotic Wilson
coefficients for the structure function FL(x,Q
2) have been completed [17, 18]. Here the first
genuine two-mass contributions emerge at fourth order in the coupling constant. In the case
of the structure function F2(x,Q
2), all corrections to the color factors O(NFT
2
FCA,F ) have been
obtained in [19, 20], which provides the complete results for two out of five contributing Wilson
coefficients, cf. also [18]. The flavor non-singlet corrections have been calculated in Ref. [21]
and the flavor pure singlet terms in Ref. [22]. The massive operator matrix elements (OMEs)
calculated in [18,19,21,22] are also needed to describe the variable flavor number scheme (VFNS)
in the case of a single heavy quark transition [13], for which also the gluonic contributions Agq,Q
and Agg,Q are required and have been calculated at 3-loop order in [23] and in [20, 24, 25],
respectively.3 Technical aspects of these calculations have been described in [27–29]. Heavy
quark corrections to charged current deep-inelastic processes have been dealt with in Refs. [30].
In the calculations mentioned above, besides internal massless fermion lines, only a single
heavy mass is attached to massive fermion lines. However, starting at 3-loop order, there are
also diagrams with two different masses attached to the massive lines. In the present paper,
we consider corrections of this type. As before in the single heavy mass case [1], a series of
finite moments for all massive OMEs and the Wilson coefficients in the asymptotic region Q2 
m2c,b is calculated. In some cases, we also compute the results at general values of the Mellin
variable N and the momentum fraction z. Furthermore, we present the scalar two-mass integrals
contributing to the OME Agg both in z- and N -space, in extension to the single mass case in
Ref. [24]. In the present paper, we concentrate on the calculation of the two-mass effects in the
case of massive OMEs, playing a central role in the variable flavor number scheme, and leave
phenomenological studies of the contributions to various deep-inelastic structure functions for a
separate publication.
The paper is organized as follows. In Section 2, the general formalism is outlined, describing
the Wilson coefficients in the asymptotic region in the case of two massive quarks and the
representation of the deep-inelastic structure functions. We also present the transition relations
between a representation of three and five massless quarks to 3-loop order, which is governed
by the massive OMEs and describes the matching conditions in the VFNS. In Section 3, the
renormalization of the massive OMEs is described in the case of two massive flavors. Here we
2For a precise implementation of the Wilson coefficients in Mellin space see [4].
3For a recent survey on these calculations see [26].
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also derive the structure of the massive OMEs, which now receives logarithmic contributions
depending on two masses. The fixed moments for N = 2, 4 and 6 are calculated for all massive
OMEs in Section 4, for which we also present numerical illustrations. We have reported on a
few results already briefly in [31–33]. In the flavor non-singlet and gq-cases, we have calculated
the massive OMEs for general values of the Mellin variable N . These are presented in Section 5
and are numerically illustrated. In Section 6, we turn to the more involved case of the genuine
two-mass contributions to the massive OME A
(3)
gg,Q, and outline the calculation strategy, which is
significantly different from those of the easier cases being dealt with in Section 5. In the present
paper, we limit the consideration to the calculation of all scalar4 3-loop diagrams contributing
to A
(3)
gg,Q, both in N - and z-space, leading to new functional structures. Unlike the case for the
moments, cf. Section 4, where we can expand in the mass ratio of the heavy quarks, this is in
general not possible in the case of the diagrams contributing to A
(3)
gg,Q for general values of N .
Therefore, as in Section 5, we derive the analytic solution for general values of the mass ratio.
Section 7 contains the conclusions. The z-space results of a series of OMEs are given in the
Appendix A, and a collection of new root-valued iterated integrals is presented in Appendix B.
2 Massive OMEs and Wilson Coefficients with two
masses
Starting at 3–loop order, Feynman diagrams carrying internal fermion lines of different mass
contribute to the OMEs. The relevant masses are those of the charm and bottom quark, mc and
mb. In the following, we will work in the on-shell scheme. Here the masses are given by [34,35]
mc = 1.59 GeV (2.1)
mb = 4.78 GeV . (2.2)
The ratio
η =
m22
m21
(2.3)
with m2 = mc,m1 = mb, amounts to η ∼ 1/10. Later we will also use the symbol η1 = √η.
The two masses do not form a strong hierarchy and charm cannot be assumed to be massless at
µ2 = m2b . The asymptotic decoupling thus rather proceeds under the condition
Q2, µ2  m2c ,m2b , (2.4)
with Q2 the virtuality of the exchanged gauge boson in the deep-inelastic process and µ2 the
factorization scale, which we will set equal to the renormalization scale in the following. The
transition relation to the MS-scheme for the mass renormalization will be given in Section 3.7.
We refer to the on-shell scheme in the following for computational reasons, rather than giving
preference to this scheme. In any data analysis, the mass effects shall be expressed in the
MS-scheme, which provides perturbative stability.
In view of this, the associated variable flavor number scheme (VFNS) differs from the one in
which only a single heavy quark is decoupled at the time [1, 13], which also works up to 2–loop
order since there no diagrams containing fermion lines of different mass contribute.
4 That is, not including in the numerator any term other than the one coming from the operator insertion.
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In the following, we will mainly work in Mellin space to take advantage of the simplicity of
the emerging convolution formulae, which are given by ordinary products. The Mellin transform
of a function f(x) is defined by
M[f(x)](N) =
∫ 1
0
dxxN−1f(x) . (2.5)
The convolution formula of two functions reads
[f ⊗ g] (z) =
∫ 1
0
dx1
∫ 1
0
dx2δ(z − x1x2)f(x1)g(x2). (2.6)
Its Mellin transform factors into the Mellin transforms of both functions
M[f(z)⊗ g(z)](N) = M[f(z)](N) ·M[g(z)](N). (2.7)
In what follows, we will use the Mellin transform to map between the z- and the Mellin N -spaces.
Let us now derive the massive Wilson coefficients for deep-inelastic scattering in the kinematic
range of large virtualities Q2, cf. (2.4). We generalize the considerations in the case of a single
heavy quark mass in Refs. [1,13] and obtain the following factorization relation in the non–singlet
case:
CNSq,(2,L)
(
N,NF ,
Q2
µ2
)
+ LNSq,(2,L)
(
N,NF + 2,
Q2
µ2
,
m21
µ2
,
m22
µ2
)
=
ANSqq,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
CNSq,(2,L)
(
N,NF + 2,
Q2
µ2
)
.
(2.8)
Here NF denotes the number of massless flavors (with NF = 3 in QCD). C
j
i and Akl are the
massless Wilson coefficients, cf. [14, 36, 37] and massive operator matrix elements (OMEs), re-
spectively.
For the pure singlet and singlet contributions the corresponding relations read
CPSq,(2,L)(NF ) + L
PS
q,(2,L)(NF + 2) =
[
ANSqq,Q(NF + 2) + A
PS
qq,Q(NF + 2) + A
PS
Qq(NF + 2)
]
×NF C˜PSq,(2,L)(NF + 2)
+APSqq,Q(NF + 2)C
NS
q,(2,L)(NF + 2)
+Agq,Q(NF + 2)NF C˜g,(2,L)(NF + 2) ,
(2.9)
Cg,(2,L)(NF ) + Lg,(2,L)(NF + 2) = Agg,Q(NF + 2)NF C˜g,(2,L)(NF + 2)
+Aqg,Q(NF + 2)C
NS
q,(2,L)(NF + 2)
+
[
Aqg,Q(NF + 2) + AQg(NF + 2)
]
NF C˜
PS
q,(2,L)(NF + 2) ,
(2.10)
˜˜HPSq,(2,L)(NF + 2) = A
PS
Qq(NF + 2)
[
CNSq,(2,L)(NF + 2) + C˜
PS
q,(2,L)(NF + 2)
]
+
[
ANSqq,Q(NF + 2) + A
PS
qq,Q(NF + 2)
]
C˜PSq,(2,L)(NF + 2)
+Agq,Q(NF + 2)C˜g,(2,L)(NF + 2) , (2.11)
˜˜Hg,(2,L)(NF + 2) = Agg,Q(NF + 2)C˜g,(2,L)(NF + 2)
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+Aqg,Q(NF + 2)C˜
PS
q,(2,L)(NF + 2)
+AQg(NF + 2)
[
CNSq,(2,L)(NF + 2) + C˜
PS
q,(2,L)(NF + 2)
]
.
(2.12)
Due to the heavy quark charge, Eqs. (2.11) and (2.12) are still generic and its specification is
given later in Eqs. (2.23) and (2.24). In the following, the mass-, Q2-, and µ2-dependence of the
Wilson coefficients and operator matrix elements have been suppressed for brevity. Here Wilson
coefficients are denoted by L if the exchanged gauge boson couples to a massless quark line
and by ˜˜H if it couples to a massive quark line. Only in the case of LNSq,(2,L),
˜˜HPSq,(2,L) and
˜˜Hg,(2,L)
genuine two-mass terms contribute at 3-loop order. For the other Wilson coefficients [18, 19]
contributions of this type emerge with 4-loop order for the first time.
Above and in what follows we use the notation
f˜(x) =
f(x)
x
, (2.13)
fˆ(x) = f(x+ 2)− f(x) . (2.14)
The double tilde in ˜˜HPSq,(2,L) and
˜˜Hg,(2,L) should not be interpreted as applying Eq. (2.13) twice.
Instead, it is used to differentiate these Wilson coefficients from those of the single mass case,
indicating now the required sum over charges as made explicit later in Eqs. (2.23) and (2.24).
The massive operator matrix elements are the expectation values
Aij = 〈j|Oi|j〉, j = q, g (2.15)
of the local twist τ = 2 operators Oj, obtained in the light cone expansion [38] of the products
of electromagnetic currents,
ONSq,r;µ1,...,µN = i
N−1S[ψγµ1Dµ2 . . . DµN
λr
2
ψ]− trace terms , (2.16)
OSq;µ1,...,µN = i
N−1S[ψγµ1Dµ2 . . . DµNψ]− trace terms , (2.17)
OSg;µ1,...,µN = 2i
N−2SSp[F aµ1αDµ2 . . . DµN−1F
α,a
µN
]− trace terms . (2.18)
The partonic states |i(p)〉, with i = q (quark) or i = g (gluon), are on-shell with p2 = 0. In
Eqs. (2.16–2.18) Sp is the color-trace, and S denotes the symmetrization operator5
Sfµ1,...,µM =
1
M !
∑
w
fw , (2.19)
of the Lorentz indices µ1, . . . , µN . Dµ is the covariant derivative, ψ and ψ are the quark and
anti–quark fields, and F aµν the gluonic field strength tensor, with a the color index in the adjoint
representation. Furthermore, λr is the flavor matrix of SU(NF ). The labels q, g on the left-hand
side of Eqs. (2.16–2.18) distinguish quarkonic and gluonic operators.
For convenience we will express the strong coupling constant by as = αs/(4pi) ≡ g2s/(4pi)2 in
the following. Expanding the expressions (2.8–2.12) up to O (a3s) we obtain:
LNSq,(2,L)(NF + 2) = a
2
s
[
A
(2),NS
qq,Q (NF + 2) δ2 + Cˆ
(2),NS
q,(2,L)(NF )
]
5 The sum in Eq. (2.19) is over the words w given by the different orderings of the Lorentz indices. For example,
for M = 3 one obtains, Sfµ1,µ2,µ3 =
1
6 (fµ1,µ2,µ3 + fµ1,µ3,µ2 + fµ2,µ1,µ3 + fµ2,µ3,µ1 + fµ3,µ1,µ2 + fµ3,µ2,µ1).
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+ a3s
[
A
(3),NS
qq,Q (NF + 2) δ2 + A
(2),NS
qq,Q (NF + 2)C
(1),NS
q,(2,L)(NF + 2)
+Cˆ
(3),NS
q,(2,L)(NF )
]
, (2.20)
LPSq,(2,L)(NF + 2) = a
3
s
[
A
(3),PS
qq,Q (NF + 2) δ2 + A
(2)
gq,Q(NF + 2)NF C˜
(1)
g,(2,L)(NF + 2)
+NF
ˆ˜C
(3),PS
q,(2,L)(NF )
]
, (2.21)
LSg,(2,L)(NF + 2) = a
2
sA
(1)
gg,Q(NF + 2)NF C˜
(1)
g,(2,L)(NF + 2)
+ a3s
[
A
(3)
qg,Q(NF + 2) δ2 + A
(1)
gg,Q(NF + 2)NF C˜
(2)
g,(2,L)(NF + 2)
+A
(2)
gg,Q(NF + 2)NF C˜
(1)
g,(2,L)(NF + 2)
+ A
(1)
Qg(NF + 2)NF C˜
(2),PS
q,(2,L)(NF + 2) +NF
ˆ˜C
(3)
g,(2,L)(NF )
]
, (2.22)
˜˜HPSq,(2,L)(NF + 2) =
2∑
i=1
e2Qia
2
s
[
A
(2),PS
Qq (NF + 2,m
2
i ) δ2 + C˜
(2),PS
q,(2,L)(NF + 2)
]
(2.23)
+ a3s
[
˜˜A
(3),PS
Qq (NF + 2) δ2 +
2∑
i=1
e2Qi
[
C˜
(3),PS
q,(2,L)(NF + 2)
+A
(2)
gq,Q(NF + 2) C˜
(1)
g,(2,L)(NF + 2)
+A
(2),PS
Qq (NF + 2) C
(1),NS
q,(2,L)(NF + 2)
]]
,
˜˜HSg,(2,L)(NF + 2) =
2∑
i=1
e2Qi
[
as
[
A
(1)
Qg(NF + 2) δ2 + C˜
(1)
g,(2,L)(NF + 2)
]
+ a2s
[
A
(2)
Qg(NF + 2) δ2 + A
(1)
Qg(NF + 2) C
(1),NS
q,(2,L)(NF + 2)
+ A
(1)
gg,Q(NF + 2) C˜
(1)
g,(2,L)(NF + 2) + C˜
(2)
g,(2,L)(NF + 2)
]]
+ a3s
[
˜˜A
(3)
Qg(NF + 2) δ2 +
2∑
i=1
e2Qi
[
A
(2)
Qg(NF + 2) C
(1),NS
q,(2,L)(NF + 2)
+ A
(2)
gg,Q(NF + 2) C˜
(1)
g,(2,L)(NF + 2)
+ A
(1)
Qg(NF + 2)
{
C
(2),NS
q,(2,L)(NF + 2) + C˜
(2),PS
q,(2,L)(NF + 2)
}
+ A
(1)
gg,Q(NF + 2) C˜
(2)
g,(2,L)(NF + 2) + C˜
(3)
g,(2,L)(NF + 2)
]]
. (2.24)
Here the symbol δ2 takes the values
δ2 =
{
1 for F2
0 for FL.
(2.25)
Because of the coupling of the exchanged gauge boson to the heavy quark line in the case of the
Wilson coefficients denoted by ˜˜H, we have still to present the detailed structure of the 3-loop
OMEs A
(3)
ij in this case. They consist of the two equal mass terms A
Eq.,(3)
ij and the unequal mass
term A
nEq.,(3)
ij ,
A
nEq.,(3)
ij (m1,m2) = A¯
nEq.,(3)
ij (m1,m2) + A¯
nEq.,(3)
ij (m2,m1) (2.26)
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which is symmetric in m1 and m2. The representation given in Eq. (2.26) is only relevant in the
case of A
(3)
Qg and A
(3),PS
Qq . Here A¯
nEq.,(3)
ij (m1,m2) denotes the part for which the current couples
to the fermion-loop of the heavy quark of mass m1. This line is carrying the respective local
operator. In general, the following representation holds
A
(3)
ij = A
Eq.,(3)
ij (m1) + A
Eq.,(3)
ij (m2) + A
nEq.,(3)
ij (m1,m2) . (2.27)
The charge-weighted OME is thus given by
˜˜A
(3)
ij = e
2
Q1
A
Eq.,(3)
ij (m1) + e
2
Q2
A
Eq.,(3)
ij (m2) + e
2
Q1
A¯
nEq.,(3)
ij (m1,m2) + e
2
Q2
A¯
nEq.,(3)
ij (m2,m1) . (2.28)
In the case of the structure function FL(x,Q
2), the asymptotic massive 3-loop corrections are
obtained by the massive OMEs up to 2-loop order only and therefore do not contain genuine
two-mass contributions, cf. [17, 18].
The inclusive deep inelastic structure functions Fi(x,Q
2), i = 2, L can be represented in the
fixed flavor number scheme in terms of their purely massless contributions and the remaining
terms consisting of the real and virtual heavy quark contributions,
Fi(x,Q
2) = Fmasslessi (x,Q
2) + F heavyi (x,Q
2) . (2.29)
Since the parton distribution functions are related to massless partons only, Fmasslessi (x,Q
2) is
obtained in a completely massless calculation. One finds
1
x
Fmasslessi (x,Q
2) =
∑
q
e2q
{
1
NF
[
Σ(x, µ2)⊗ CSi,Q
(
x,
Q2
µ2
)
+G
(
x, µ2
)⊗ Ci,g (x, Q2
µ2
)]
+∆q(x, µ
2)⊗ CNSi,q
(
x,
Q2
µ2
)}
, i = 2, L , (2.30)
with Σ and ∆k the flavor singlet and non-singlet distributions given by
Σ =
NF∑
k=1
(fk + fk) , (2.31)
∆k = fk + fk −
1
NF
Σ , (2.32)
and G denoting the gluon density. The heavy quark part is given by
1
x
F heavy(2,L) (x,NF + 2, Q
2,m21,m
2
2) =
NF∑
k=1
e2k
{
LNSq,(2,L)
(
x,NF + 2,
Q2
µ2
,
m21
µ2
,
m22
µ2
)
⊗
[
fk(x, µ
2, NF ) + fk(x, µ
2, NF )
]
+
1
NF
LPSq,(2,L)
(
x,NF + 2,
Q2
µ2
,
m21
µ2
,
m22
µ2
)
⊗ Σ(x, µ2, NF )
+
1
NF
LSg,(2,L)
(
x,NF + 2,
Q2
µ2
,
m21
µ2
,
m22
µ2
)
⊗G(x, µ2, NF )
}
+ ˜˜HPSq,(2,L)
(
x,NF + 2,
Q2
µ2
,
m21
µ2
,
m22
µ2
)
⊗ Σ(x, µ2, NF )
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+ ˜˜HSg,(2,L)
(
x,NF + 2,
Q2
µ2
,
m21
µ2
,
m22
µ2
)
⊗G(x, µ2, NF ) . (2.33)
The presence of diagrams with c- and b-quarks at 3–loop order also yields power corrections
in η to the massive operator matrix elements6. One obtains the following transition relations
decoupling both the charm and bottom contributions at high scales µ2 :
fk(NF + 2, N, µ
2,m21,m
2
2) + fk(NF + 2, N, µ
2,m21,m
2
2) =
ANSqq,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
· [fk(NF , N, µ2) + fk(NF , N, µ2)]
+
1
NF
APSqq,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
· Σ(NF , N, µ2)
+
1
NF
Aqg,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
·G(NF , N, µ2), (2.34)
fQ(NF + 2, N, µ
2,m21,m
2
2) + fQ(NF + 2, N, µ
2,m21,m
2
2) =
APSQq
(
N,NF + 2,
m21
µ2
,
m22
µ2
,
)
· Σ(NF , N, µ2)
+AQg
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
·G(NF , N, µ2) . (2.35)
The flavor singlet, non–singlet and gluon densities for (NF + 2) flavors are given by
Σ(NF + 2, N, µ
2,m21,m
2
2) =
[
ANSqq,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
+ APSqq,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
+APSQq
(
N,NF + 2,
m21
µ2
,
m22
µ2
)]
· Σ(NF , N, µ2)
+
[
Aqg,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
+ AQg
(
N,NF + 2,
m21
µ2
,
m22
µ2
)]
·G(NF , N, µ2) ,
(2.36)
∆k(NF + 2, N, µ
2,m21,m
2
2) = fk(NF + 2, N, µ
2,m21,m
2
2) + fk(NF + 2, N, µ
2,m21,m
2
2)
− 1
NF + 2
Σ(NF + 2, N, µ
2,m21,m
2
2) , (2.37)
G(NF + 2, N, µ
2,m21,m
2
2) = Agq,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
· Σ(NF , N, µ2)
+Agg,Q
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
·G(NF , N, µ2) . (2.38)
Here fk(k)(NF ),Σ(NF ) and G(NF ) denote the massless quarkonic parton densities. Note that
the above process independent leading twist OMEs Ai,j for fixed moments N contain besides
logarithmic corrections in η also power corrections. For general values of N the η-dependence is
more involved and requests at least generalized harmonic sums [39,40] and binomially weighted
generalized harmonic sums [41] as will be shown below.7 We would like to mention, that although
∆k is the genuine flavor non-singlet distribution, sometimes the combination fk + fk may be
considered to take its role, [11,21].
6They may emerge as non-logarithmic contributions in terms of higher transcendental functions.
7For recent surveys on these function spaces see Refs. [42, 43].
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The presence of 2-mass terms in Eqs. (2.34–2.38) only allows to define the new parton densities
at (NF +2) out of those at NF at sufficiently high decoupling scales µ
2  m21,m22 at 3-loop order,
while up to 2-loop order, flavors can technically be decoupled one by one, if m22  m21 (which
is not the case, however for b- and c-quarks). The picture of an individual charm and bottom
quark density does therfore not hold from 3-loop order onwards. The quantities fk + fk¯, Σ, ∆k
and G are not affected, as they depend on all heavy quark masses in a symmetric way. The
two-mass generalization (2.35) of the single mass case [1,13], is a formal relation as it stands. It
can be rewritten expressing the charm and bottom quark densities in the variable flavor scheme,
still requesting
Q2  m2c and Q2  m2b (2.39)
by
fc(NF + 2, N, µ
2,m21,m
2
2) + fc(NF + 2, N, µ
2,m21,m
2
2) =
A¯
PS,c(b)
Qq
(
N,NF + 2,
m21
µ2
,
m22
µ2
,
)
· Σ(NF , N, µ2)
+A¯
c(b)
Qg
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
·G(NF , N, µ2) (2.40)
fb(NF + 2, N, µ
2,m21,m
2
2) + fb(NF + 2, N, µ
2,m21,m
2
2) =
A¯
PS,b(c)
Qq
(
N,NF + 2,
m21
µ2
,
m22
µ2
,
)
· Σ(NF , N, µ2)
+A¯
b(c)
Qg
(
N,NF + 2,
m21
µ2
,
m22
µ2
)
·G(NF , N, µ2) , (2.41)
where
A¯
c(b)
ij = A
Eq.,(3)
ij (mc) + A¯
nEq.,(3)
ij (mc,mb), (2.42)
and A¯
b(c)
ij is obtained by c↔ b. Eq. (2.35) is the sum of Eqs. (2.40) and (2.41).
We turn now to the calculation of the massive two-mass OMEs and discuss first their renor-
malization in the case of two heavy quark masses.
3 Renormalization of the Massive Operator Matrix Ele-
ments
The Feynman integrals contributing to the various operator matrix elements contain mass, cou-
pling, ultraviolet operator singularities, and collinear divergences, due to massless sub-graphs.
They are regularized by applying dimensional regularization [44] in D = 4 + ε dimensions. The
singularities appear as poles in the Laurent series in ε, with the highest pole corresponding to
the loop order. At one and two loop order the two–mass massive operator matrix elements Aij
are given in terms of the known single mass contributions since they do not contain more than
one internal massive fermion line [11–13,17,18,45–47].
The first single particle irreducible diagrams with two masses emerge at O(α3s). In the follow-
ing, we consider the renormalization of the two mass contributions in individual terms together
with the genuine two-mass contributions. The latter terms will then be obtained subtracting the
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former ones, cf. Ref. [1]. The unrenormalized OMEs are given by
ˆˆ
A
(l)
ij
(m21
µ2
,
m22
µ2
)
=
[(
m21
µ2
)l/2ε
+
(
m22
µ2
)l/2ε]
ˆˆ
A
(l,sing)
ij +
ˆ˜ˆ
A
(l)
ij
(m21
µ2
,
m22
µ2
)
, (3.1)
where
ˆˆ
A
(l),sing
ij are the single-mass OMEs [1] and
ˆ˜ˆ
A
(l)
ij are the new two-mass contributions. The
last term in Eq. (3.1) for l = 3 contains a factor (m1m2/µ
2)3/(2ε). Furthermore, a change in
the renormalization scheme as in Eqs. (3.41, 3.42) generally introduces a mixing between the
different components of Eq. (3.1).
In the main steps we follow the renormalization procedure outlined in Ref. [1], incorporating
the necessary modifications for the two-mass case. We consider the case of NF massless and two
massive quark flavors as this covers the physical case of contributions e.g. due to the charm and
bottom quarks.
We first consider mass and coupling constant renormalization, followed by the renormaliza-
tion of the ultraviolet singularity of the local operators, and the factorization of the collinear
singularities.
3.1 Mass Renormalization
The schemes most frequently used for the mass renormalization are the MS– and the on–mass
shell scheme (OMS). In the following, we renormalize the mass in the OMS and provide the
finite renormalization to switch to the MS-mass at a later stage, cf. Eq. (3.140). We perform the
mass renormalization first, i.e. the respective expressions are still containing the bare coupling
aˆs = gˆ
2
s/(4pi)
2.8
The bare masses mˆi, i ∈ {1, 2} are expressed by the renormalized on–shell masses mi via
mˆi = Zm,i(m1,m2) mi =mi
[
1 + aˆs
(m2i
µ2
)ε/2
δm1 + aˆ
2
s
(m2i
µ2
)ε
δm2,i (m1,m2)
]
+O(aˆ3s) , (3.2)
and
δm2,i (m1,m2) = δm
0
2 + δ˜m2
i(m1,m2) . (3.3)
Here δm02 is the single mass-contribution, whereas δ˜m2
i denotes the additional contribution
emerging in the case of two massive flavors. Note that from order O(aˆ2s) onward the Z-factor
renormalizing mˆ1 depends on m2 and vice versa. For the massive operator matrix elements this
can be observed at 3–loop order for the first time. The coefficients δm1 and δm2 have been
derived in [52, 53] up to O(ε0) and O(ε−1), respectively. The constant part of δm2 was given
in [48,54,55] and the O(ε)-term of δm1 in [1]. One obtains
δm1 = CF
[
6
ε
− 4 +
(
4 +
3
4
ζ2
)
ε
]
(3.4)
≡ δm
(−1)
1
ε
+ δm
(0)
1 + δm
(1)
1 ε , (3.5)
δm02 = CF
[
1
ε2
(18CF − 22CA + 8TF (NF + 1)) + 1
ε
(
−45
2
CF +
91
2
CA
8Note that our notation therefore agrees with [48], but e.g. differs form the notation in [49–51], where also
the charge renormalization has been carried out.
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−14TF (NF + 1)
)
+ CF
(
199
8
− 51
2
ζ2 + 48 ln(2)ζ2 − 12ζ3
)
+ CA
(
−605
8
+
5
2
ζ2 − 24 ln(2)ζ2 + 6ζ3
)
+ TF
[
NF
(
45
2
+ 10ζ2
)
+
69
2
− 14ζ2
]]
(3.6)
≡ δm
0,(−2)
2
ε2
+
δm
0,(−1)
2
ε
+ δm
0,(0)
2 , (3.7)
δ˜m2
i(m1,m2) = CFTF
{
8
ε2
− 14
ε
+ 8r4iH
2
0(ri)− 8(ri + 1)2
(
r2i − ri + 1
)
H−1,0(ri)
+8(ri − 1)2
(
r2i + ri + 1
)
H1,0(ri) + 8r
2
iH0(ri) +
3
2
(
8r2i + 15
)
+2
[
4r4i − 12r3i − 12ri + 5
]
ζ2
}
(3.8)
≡ δ˜m2
(−2)
ε2
+
δ˜m2
(−1)
ε
+ δ˜m2
i,(0) , (3.9)
cf. [48], with CF = (N
2
c − 1)/(2Nc), CA = Nc, TF = 1/2, Nc = 3 in the case of QCD, i ∈ {1, 2}
and
r1 =
√
η and r2 =
1√
η
. (3.10)
Here ζk =
∑∞
l=1(1/l
k), k ∈ N, k ≥ 2 denotes the Riemann’s ζ-function at integer arguments9. The
superscript i for the coefficients δ˜m
(−2)
2 and δ˜m
(−2)
2 has been dropped as they are independent of
the renormalized mass mi. Furthermore, H~a(ζ) are the harmonic polylogarithms (HPLs) [56]
H0(ζ) = ln(ζ) (3.11)
H−1,0(ζ) = Li2(−ζ) + ln(ζ) ln(1 + ζ) (3.12)
H1,0(ζ) = Li2(1− ζ)− ζ2 . (3.13)
Eq. (3.9) states the complete analytic form of the contribution of the respective other massive
flavor to the renormalization of the bare masses. In the present analysis we will focus on m1, m2
being the masses of the bottom and charm quarks, respectively. Due to the size of the ratio
η ∼ 0.1 , (3.14)
it is enough to do the expansion up to O (η4 ln(η)), as we will do in general for the fixed Mellin
moments of the OMEs. The mixed-mass terms are given by
δ˜m2
1,(0)(m1,m2) = CFTF
[
45
2
+ 10ζ2 − 24ζ2η1/2 + 24η − 24ζ2η3/2
+
(
2 ln2(η)− 26
3
ln(η) + 8ζ2 +
151
9
)
η2
+
(
16
15
ln(η)− 152
75
)
η3
]
+O
(
η4 ln(η)
)
, (3.15)
9In Feynman graph calculations at higher orders also multiple zeta values contribute, cf. [57].
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δ˜m2
2,(0)(m1,m2) = CFTF
[
−2 ln2(η) + 26
3
ln(η) + 2ζ2 +
103
18
+
(
−16
15
ln(η) +
152
75
)
η +
(
− 9
35
ln(η) +
1389
4900
)
η2
+
(
− 32
315
ln(η) +
7976
99225
)
η3
]
+O
(
η4 ln(η)
)
. (3.16)
Applying Eq. (3.2) we obtain the mass renormalized operator matrix elements by
ˆˆ
Aij
(m21
µ2
,
m22
µ2
, ε, N
)
= δij + aˆs
ˆˆ
A
(1)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+ aˆ2s
{
ˆˆ
A
(2)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+δm1
[(m21
µ2
)ε/2
m1
d
dm1
+
(m22
µ2
)ε/2
m2
d
dm2
]
ˆˆ
A
(1)
ij
(m21
µ2
,
m22
µ2
, ε, N
)}
+aˆ3s
{
ˆˆ
A
(3)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+δm1
[(m21
µ2
)ε/2
m1
d
dm1
+
(m22
µ2
)ε/2
m2
d
dm2
]
ˆˆ
A
(2)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+δm2,1(m1,m2)
(m21
µ2
)ε
m1
d
dm1
ˆˆ
A
(1)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+δm2,2(m1,m2)
(m22
µ2
)ε
m2
d
dm2
ˆˆ
A
(1)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+
(δm1)
2
2
[(m21
µ2
)ε
m21
d2
dm1
2 +
(m22
µ2
)ε
m22
d2
dm2
2
]
ˆˆ
A
(1)
ij
(m21
µ2
,
m22
µ2
, ε, N
)
+(δm1)
2
(m21
µ2
)ε/2(m22
µ2
)ε/2
m1
d
dm1
m2
d
dm2
ˆˆ
A
(1)
ij
(m21
µ2
,
m22
µ2
, ε, N
)}
,
(3.17)
which generalizes Eq. (3.10) of Ref. [1]. The OMEs are symmetric under the interchange of the
masses m1 and m2.
3.2 Renormalization of the Coupling
When renormalizing the coupling constant, it is important to note that the factorization relation
(2.8–2.12) strictly requires the external massless partonic legs of the operator matrix elements
to be on–shell, i.e.
p2 = 0 , (3.18)
with p the external momentum of the OME. This condition would be violated by naively applying
massive loop corrections to the gluon propagator. We follow [1] and absorb these corrections
uniquely into the coupling constant by using the background field method [58–60] to maintain
the Slavnov–Taylor identities of QCD. In this way, one first obtains the coupling constant in a
MOM–scheme. A finite renormalization to transform to the MS–scheme is applied subsequently.
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The light flavor contributions to the unrenormalized coupling constant in terms of the renor-
malized coupling constant in the MS–scheme read
aˆs = Z
MS
g
2
(ε,NF )a
MS
s (µ
2)
= aMSs (µ
2)
[
1 + δaMSs,1 (NF )a
MS
s (µ
2) + δaMSs,2 (NF )a
MS
s
2
(µ)
]
+O(aMSs
3
) . (3.19)
Here the coefficients δaMSs,i (NF ) are given by
δaMSs,1 (NF ) =
2
ε
β0(NF ) , (3.20)
δaMSs,2 (NF ) =
4
ε2
β20(NF ) +
1
ε
β1(NF ), (3.21)
with βk(NF ) the expansion coefficients of the QCD β-function [61–66]
β0(NF ) =
11
3
CA − 4
3
TFNF , (3.22)
β1(NF ) =
34
3
C2A − 4
(
5
3
CA + CF
)
TFNF . (3.23)
We split the renormalized gluon self–energy Π into the purely light and the heavy flavor
contributions, ΠL and ΠH ,
Π
(
p2,m21,m
2
2
)
= ΠL
(
p2
)
+ ΠH
(
p2,m21,m
2
2
)
. (3.24)
The heavy quarks are required to decouple from the running coupling constant and the renor-
malized OMEs for µ2 < m21,m
2
2 which implies [11]
ΠH(0,m
2
1,m
2
2) = 0 . (3.25)
We apply the background field method, which has the advantage of producing gauge-invariant
results also for off–shell Green’s functions, to compute the heavy flavor contributions to the
unrenormalized gluon polarization function [58,67]. Applying the respective Feynman rules [68]
one obtains
ΠˆµνH,ab,BF(p
2,m21,m
2
2, µ
2, ε, aˆs) = i(−p2gµν + pµpν)δabΠˆH,BF(p2,m21,m22, µ2, ε, aˆs) , (3.26)
ΠˆH,BF(0,m
2
1,m
2
2, µ
2, ε, aˆs) = aˆs
2β0,Q
ε
[(m21
µ2
)ε/2
+
(m22
µ2
)ε/2]
exp
( ∞∑
i=2
ζi
i
(ε
2
)i)
+aˆ2s
[(m21
µ2
)ε
+
(m22
µ2
)ε] [1
ε
(
−20
3
TFCA − 4TFCF
)
−32
9
TFCA + 15TFCF
+ε
(
−86
27
TFCA − 31
4
TFCF − 5
3
ζ2TFCA − ζ2TFCF
)
+2
(
2β0,Q
ε
)2 (m21
µ2
)ε/2(m22
µ2
)ε/2
exp
(
2
∞∑
i=2
ζi
i
(ε
2
)i)]
+O(aˆ3s) , (3.27)
13
where the masses m1 and m2 have been renormalized in the on–shell scheme (3.2). In order to
write (3.27) in a more compact form we use the notation
f(ε) ≡
[(m21
µ2
)ε/2
+
(m22
µ2
)ε/2]
exp
[ ∞∑
i=2
ζi
i
(ε
2
)i]
, (3.28)
and keep this factor unexpanded in the dimensional regularization parameter ε for the moment.
Furthermore, we denote the contributions to the QCD β-function coefficients by β
(j)
i,Q [1,11,61–66]
β0,Q = −4
3
TF , (3.29)
β1,Q = −4
(
5
3
CA + CF
)
TF , (3.30)
β
(1)
1,Q = −
32
9
TFCA + 15TFCF , (3.31)
β
(2)
1,Q = −
86
27
TFCA − 31
4
TFCF − ζ2
(
5
3
TFCA + TFCF
)
. (3.32)
Eq. (3.27) differs from the sum of the two individual single–mass contributions [1] by the last
term only, which is due to additional reducible Feynman diagrams in the cases of two heavy
quark flavors of different mass.
The background field is renormalized using the Z-factor ZA which is split into light and heavy
quark contributions, ZA,L and ZA,H . It is related to the Z-factor renormalizing the coupling
constant g via
Zg = Z
− 1
2
A =
1
(ZA,L + ZA,H)
1/2
. (3.33)
Concerning the light flavors, we require the renormalization to correspond to the MS–scheme
with NF light flavors
ZA,l(NF ) = Z
MS
g
1/2
. (3.34)
The heavy flavor contributions are fixed by condition (3.25) which implies
ΠH,BF(0, µ
2, as,m
2
1,m
2
2) + ZA,H ≡ 0 . (3.35)
The Z-factor in the MOM–scheme is read off by combining Eqs. (3.33), (3.25), (3.27) and (3.35)
ZMOMg (ε,NF + 2, µ,m
2
1,m
2
2) ≡
1
(ZA,l + ZA,H)1/2
. (3.36)
Up to O(aMOMs
3
) one obtains the renormalization constant
ZMOMg
2
(ε,NF + 2, µ,m
2
1,m
2
2) = 1 + a
MOM
s (µ
2)
[2
ε
(β0(NF ) + β0,Qf(ε))
]
+aMOMs
2
(µ2)
[β1(NF )
ε
+
4
ε2
(β0(NF ) + β0,Qf(ε))
2
+
1
ε
((m21
µ2
)ε
+
(m22
µ2
)ε)(
β1,Q + εβ
(1)
1,Q + ε
2β
(2)
1,Q
)]
14
+O(aMOMs
3
) . (3.37)
.
We define the coefficients of the MOM–scheme Z-factor, δaMOMs,1 and δa
MOM
s,2 , analogously to
those of the MS–coefficients in (3.19)
δaMOMs,1 =
2β0(NF )
ε
+
2β0,Q
ε
f(ε) , (3.38)
δaMOMs,2 =
β1(NF )
ε
+
(
2β0(NF )
ε
+
2β0,Q
ε
f(ε)
)2
+
1
ε
((m21
µ2
)ε
+
(m22
µ2
)ε)(
β1,Q + εβ
(1)
1,Q + ε
2β
(2)
1,Q
)
+O(ε2) .
(3.39)
Finally, we express our results in the MS–scheme. For this transition we assume the decoupling
of the heavy quark flavors.
The transformation to the MS scheme is then implied by
ZMSg
2
(ε,NF + 2)a
MS
s (µ
2) = ZMOMg
2
(ε,NF + 2, µ,m
2
1,m
2
2)a
MOM
s (µ
2) . (3.40)
Solving (3.40) perturbatively one obtains
aMOMs = a
MS
s − β0,Q
(
ln
(m21
µ2
)
+ ln
(m22
µ2
))
aMSs
2
+
[
β20,Q
(
ln
(m21
µ2
)
+ ln
(m22
µ2
))2
−β1,Q
(
ln
(m21
µ2
)
+ ln
(m22
µ2
))
− 2β(1)1,Q
]
aMSs
3
+O
(
aMSs
4
)
, (3.41)
or,
aMSs = a
MOM
s + a
MOM
s
2
(
δaMOMs,1 − δaMSs,1 (NF + 2)
)
+ aMOMs
3
(
δaMOMs,2 − δaMSs,2 (NF + 2)
−2δaMSs,1 (NF + 2)
[
δaMOMs,1 − δaMSs,1 (NF + 2)
])
+O(aMOMs
4
) . (3.42)
Note that, unlike in Eq. (3.19), in Eq. (3.41) and (3.42) aMSs ≡ aMSs (NF + 2). Applying the
coupling renormalization (3.37) to (3.17) we obtain the OME after mass and coupling renormal-
ization
Aˆij = δij + a
MOM
s
ˆˆ
A
(1)
ij + a
MOM
s
2
[
ˆˆ
A
(2)
ij + δa
MOM
s,1
ˆˆ
A
(1)
ij
+δm1
((m21
µ2
)ε/2
m1
d
dm1
+
(m22
µ2
)ε/2
m2
d
dm2
)
ˆˆ
A
(1)
ij
]
+aMOMs
3
[
ˆˆ
A
(3)
ij + δa
MOM
s,2
ˆˆ
A
(1)
ij + 2δa
MOM
s,1
[
ˆˆ
A
(2)
ij
+δm1
((m21
µ2
)ε/2
m1
d
dm1
+
(m22
µ2
)ε/2
m2
d
dm2
)
ˆˆ
A
(1)
ij
]
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+δm1
((m21
µ2
)ε/2
m1
d
dm1
+
(m22
µ2
)ε/2
m2
d
dm2
)
ˆˆ
A
(2)
ij
+
(
δm2,1(m1,m2)
(m21
µ2
)ε
m1
d
dm1
+ δm2,2(m1,m2)
(m22
µ2
)ε
m2
d
dm2
)
ˆˆ
A
(1)
ij
+
(δm1)
2
2
((m21
µ2
)ε
m21
d2
dm1
2 +
(m22
µ2
)ε
m22
d2
dm2
2
)
ˆˆ
A
(1)
ij
+(δm1)
2
(m21
µ2
)ε/2(m22
µ2
)ε/2
m1
d
dm1
m2
d
dm2
ˆˆ
A
(1)
ij
]
, (3.43)
where we have suppressed the dependence on the masses, ε and N in the arguments of the
OMEs.
3.3 Operator Renormalization
Next we remove the ultraviolet divergence of the different local operators defined in Eqs. (2.16–
2.18) by introducing the respective Z-factors
ONSq,r;µ1,...,µN = Z
NS(µ2)OˆNSq,r;µ1,...,µN , (3.44)
OSi;µ1,...,µN = Z
S
ij(µ
2)OˆSj;µ1,...,µN , i = q, g . (3.45)
In the singlet case, the operator renormalization introduces a mixing between the different op-
erators as they carry the same quantum numbers. Analogously to the OMEs, here the Z-factors
are split into the flavor pure singlet (PS) and non-singlet (NS) contributions
Z−1qq = Z
−1,PS
qq + Z
−1,NS
qq . (3.46)
Each Z-factor is associated with an anomalous dimension γij via
γNSqq (a
MS
s , NF , N) = µ
d
dµ
lnZNSqq (a
MS
s , NF , ε, N) , (3.47)
γij(a
MS
s , NF , N) = µ
d
dµ
Zij(a
MS
s , NF , ε, N) . (3.48)
Here both the anomalous dimensions and the operator Z-factors obey perturbative series expan-
sions in the coupling constant
γS, PS, NSij (a
MS
s , NF , N) =
∞∑
l=1
aMSs
l
γ
(l−1),S, PS, NS
ij (NF , N) (3.49)
Zij = δij +
∞∑
k=1
aksZ
(k)
ij (3.50)
Z−1ij = δij +
∞∑
k=1
aksZ
−1,(k)
ij . (3.51)
In order to renormalize the respective operators, we first consider operator matrix elements with
off-shell external legs as a sum of massive and massless contributions:
Aˆij
(
p2,m21,m
2
2, µ
2, aMOMs , NF + 2
)
= Aˆij
(−p2
µ2
, aMSs , NF
)
16
+AˆQij
(
p2,m21,m
2
2, µ
2, aMOMs , NF + 2
)
. (3.52)
Here the massless contribution depends on aMSs since the MOM–scheme, cf. Section 3.2, has been
constructed in such a way that it corresponds to the MS–scheme concerning the renormalization
of the light quark flavor and gluon contributions. AˆQij denotes any massive OME we consider.
The term δij, which appears in the expansion of the OMEs (see Eqs. (3.17) and (3.43)), does not
have any mass-dependence and is considered a part of the light flavor part Aˆij
(
−p2
µ2
, aMSs , NF
)
.
We first consider the renormalization of the purely massless contribution in the MS–scheme
[69]
ANSqq
(−p2
µ2
, aMSs , NF , N
)
= Z−1,NSqq (a
MS
s , NF , ε, N)Aˆ
NS
qq
(−p2
µ2
, aMSs , NF , ε, N
)
(3.53)
Aij
(−p2
µ2
, aMSs , NF , N
)
= Z−1il (a
MS
s , NF , ε, N)Aˆlj
(−p2
µ2
, aMSs , NF , ε, N
)
, i, j, l = q, g .
(3.54)
Solving (3.47–3.48) yields the Z-factors in the singlet case
Zij(a
MS
s , NF ) = δij + a
MS
s
γ
(0)
ij
ε
+ aMSs
2
{
1
ε2
(1
2
γ
(0)
il γ
(0)
lj + β0γ
(0)
ij
)
+
1
2ε
γ
(1)
ij
}
+aMSs
3
{
1
ε3
(1
6
γ
(0)
il γ
(0)
lk γ
(0)
kj + β0γ
(0)
il γ
(0)
lj +
4
3
β20γ
(0)
ij
)
+
1
ε2
(1
6
γ
(1)
il γ
(0)
lj +
1
3
γ
(0)
il γ
(1)
lj +
2
3
β0γ
(1)
ij +
2
3
β1γ
(0)
ij
)
+
γ
(2)
ij
3ε
}
. (3.55)
In the non-singlet and pure singlet cases one has
ZNSqq (a
MS
s , NF ) = 1 + a
MS
s
γ
(0),NS
qq
ε
+ aMSs
2
{
1
ε2
(1
2
γ(0),NSqq
2
+ β0γ
(0),NS
qq
)
+
1
2ε
γ(1),NSqq
}
+aMSs
3
{
1
ε3
(1
6
γ(0),NSqq
3
+ β0γ
(0),NS
qq
2
+
4
3
β20γ
(0),NS
qq
)
+
1
ε2
(1
2
γ(0),NSqq γ
(1),NS
qq +
2
3
β0γ
(1),NS
qq +
2
3
β1γ
(0),NS
qq
)
+
1
3ε
γ(2),NSqq
}
(3.56)
ZPSqq (a
MS
s , NF ) = a
MS
s
2
{
1
2ε2
γ(0)qg γ
(0)
gq +
1
2ε
γ(1),PSqq
}
+ aMSs
3
{
1
ε3
(1
3
γ(0)qq γ
(0)
qg γ
(0)
gq
+
1
6
γ(0)qg γ
(0)
gg γ
(0)
gq + β0γ
(0)
qg γ
(0)
gq
)
+
1
ε2
(1
3
γ(0)qg γ
(1)
gq
+
1
6
γ(1)qg γ
(0)
gq +
1
2
γ(0)qq γ
(1),PS
qq +
2
3
β0γ
(1),PS
qq
)
+
γ
(2),PS
qq
3ε
}
, (3.57)
respectively. The Z-factors describing the ultraviolet renormalization of the complete operator
matrix elements Aˆij
(
p2,m21,m
2
2, µ
2, aMOMs , NF + 2
)
are obtained by inverting (3.55–3.57) and
replacing NF → NF + 2. Finally, the transformation (3.42) is applied. The resulting operator
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Z-factors read:
Z−1ij (a
MOM
s , NF + 2, µ) = δij − aMOMs
γ
(0)
ij
ε
+ aMOMs
2
[
1
ε
(
−1
2
γ
(1)
ij − δaMOMs,1 γ(0)ij
)
+
1
ε2
(1
2
γ
(0)
il γ
(0)
lj + β0γ
(0)
ij
)]
+ aMOMs
3
[
1
ε
(
−1
3
γ
(2)
ij − δaMOMs,1 γ(1)ij
−δaMOMs,2 γ(0)ij
)
+
1
ε2
(4
3
β0γ
(1)
ij + 2δa
MOM
s,1 β0γ
(0)
ij +
1
3
β1γ
(0)
ij
+δaMOMs,1 γ
(0)
il γ
(0)
lj +
1
3
γ
(1)
il γ
(0)
lj +
1
6
γ
(0)
il γ
(1)
lj
)
+
1
ε3
(
−4
3
β20γ
(0)
ij
−β0γ(0)il γ(0)lj −
1
6
γ
(0)
il γ
(0)
lk γ
(0)
kj
)]
, (3.58)
Z−1,NSqq (a
MOM
s , NF + 2) = 1− aMOMs
γ
(0),NS
qq
ε
+ aMOMs
2
[
1
ε
(
−1
2
γ(1),NSqq − δaMOMs,1 γ(0),NSqq
)
+
1
ε2
(
β0γ
(0),NS
qq +
1
2
γ(0),NSqq
2
)]
+ aMOMs
3
[
1
ε
(
−1
3
γ(2),NSqq − δaMOMs,1 γ(1),NSqq
−δaMOMs,2 γ(0),NSqq
)
+
1
ε2
(4
3
β0γ
(1),NS
qq + 2δa
MOM
s,1 β0γ
(0),NS
qq +
1
3
β1γ
(0),NS
qq
+
1
2
γ(0),NSqq γ
(1),NS
qq + δa
MOM
s,1 γ
(0),NS
qq
2
)
+
1
ε3
(
−4
3
β20γ
(0),NS
qq − β0γ(0),NSqq
2
−1
6
γ(0),NSqq
3
)]
, (3.59)
Z−1,PSqq (a
MOM
s , NF + 2) = a
MOM
s
2
[
1
ε
(
−1
2
γ(1),PSqq
)
+
1
ε2
(1
2
γ(0)qg γ
(0)
gq
)]
+ aMOMs
3
[
1
ε
(
−1
3
γ(2),PSqq
−δaMOMs,1 γ(1),PSqq
)
+
1
ε2
(1
6
γ(0)qg γ
(1)
gq +
1
3
γ(0)gq γ
(1)
qg +
1
2
γ(0)qq γ
(1),PS
qq
+
4
3
β0γ
(1),PS
qq + δa
MOM
s,1 γ
(0)
qg γ
(0)
gq
)
+
1
ε3
(
−1
3
γ(0)qg γ
(0)
gq γ
(0)
qq −
1
6
γ(0)gq γ
(0)
qg γ
(0)
gg
−β0γ(0)qg γ(0)gq
)]
. (3.60)
Here and in the Eqs. (3.55–3.57) we have dropped the NF -dependence of the anomalous dimen-
sions γij and βi for brevity. The inverse Z-factors for the purely light-parton case correspond to
(3.58–3.60) after substituting NF + 2→ NF and δaMOMs,i → δaMSs,i .
We are only interested in performing the ultraviolet renormalization for the massive contri-
butions to the operator matrix element in (3.52) and thus subtract the contributions stemming
from purely light parts again
˜˜AQij(p
2,m21,m
2
2, µ
2, aMOMs , NF + 2) = Z
−1
il (a
MOM
s , NF + 2, µ)Aˆ
Q
ij(p
2,m21,m
2
2, µ
2, aMOMs , NF + 2)
+Z−1il (a
MOM
s , NF + 2, µ)Aˆij
(−p2
µ2
, aMSs , NF
)
−Z−1il (aMSs , NF , µ)Aˆij
(−p2
µ2
, aMSs , NF
)
. (3.61)
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Finally, the limit p2 → 0 is performed. Since scale-less diagrams vanish if computed in dimen-
sional regularization, only the Born piece of the massless OME contributes
Aˆij
(
0, αMSs , NF
)
= δij . (3.62)
One obtains the UV–renormalization prescription
˜˜AQij
(m21
µ2
,
m22
µ2
, aMOMs , NF + 2
)
= aMOMs
(
Aˆ
(1),Q
ij
(m21
µ2
,
m22
µ2
)
+ Z
−1,(1)
ij (NF + 2, µ)− Z−1,(1)ij (NF )
)
+aMOMs
2
(
Aˆ
(2),Q
ij
(m21
µ2
,
m22
µ2
)
+ Z
−1,(2)
ij (NF + 2, µ)− Z−1,(2)ij (NF )
+Z
−1,(1)
ik (NF + 2, µ)Aˆ
(1),Q
kj
(m21
µ2
,
m22
µ2
))
+aMOMs
3
(
Aˆ
(3),Q
ij
(m21
µ2
,
m22
µ2
)
+ Z
−1,(3)
ij (NF + 2, µ)
−Z−1,(3)ij (NF ) + Z−1,(1)ik (NF + 2, µ)Aˆ(2),Qkj
(m21
µ2
,
m22
µ2
)
+ Z
−1,(2)
ik (NF + 2, µ)Aˆ
(1),Q
kj
(m21
µ2
,
m22
µ2
))
. (3.63)
Here Z-factors at NF +2 flavors describe the massive case (3.58–3.60) while those with argument
NF denote the Z-factors for the massless case.
3.4 Collinear Factorization
At this point only collinear singularities remain. They arise from massless subgraphs only and
are therefore independent of the additional heavy quark flavor considered in these analyses. We
thus follow [1] directly and remove the collinear singularities via mass factorization
Aij
(m21
µ2
,
m22
µ2
, aMOMs , NF + 2
)
= ˜˜AQil
(m21
µ2
,
m22
µ2
, aMOMs , NF + 2
)
Γ−1lj . (3.64)
Note that in a fully massless scenario the transition functions Γij would be related to the light
flavor renormalization constant via
Γij (NF ) = Z
−1
ij (NF ) , (3.65)
cf. [11]. However, in the presence of one or more heavy quark flavors the transition functions
stem from the corresponding massless subgraphs only. Due to this and the subtraction of the
δij–term in the OMEs after ultraviolet renormalization
˜˜AQij the transition functions contribute
up to O(α2s) only.
The renormalized OME is then obtained by
Aij
(m21
µ2
,
m22
µ2
, aMOMs , NF + 2
)
=
aMOMs
(
Aˆ
(1),Q
ij
(m21
µ2
,
m22
µ2
)
+ Z
−1,(1)
ij (NF + 2)− Z−1,(1)ij (NF )
)
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+aMOMs
2
(
Aˆ
(2),Q
ij
(m21
µ2
,
m22
µ2
)
+ Z
−1,(2)
ij (NF + 2)− Z−1,(2)ij (NF )
+ Z
−1,(1)
ik (NF + 2)Aˆ
(1),Q
kj
(m21
µ2
,
m22
µ2
)
+
[
Aˆ
(1),Q
il
(m21
µ2
,
m22
µ2
)
+ Z
−1,(1)
il (NF + 2)
− Z−1,(1)il (NF )
]
Γ
−1,(1)
lj (NF )
)
+aMOMs
3
(
Aˆ
(3),Q
ij
(m21
µ2
,
m22
µ2
)
+ Z
−1,(3)
ij (NF + 2)− Z−1,(3)ij (NF )
+ Z
−1,(1)
ik (NF + 2)Aˆ
(2),Q
kj
(m21
µ2
,
m22
µ2
)
+ Z
−1,(2)
ik (NF + 2)Aˆ
(1),Q
kj
(m21
µ2
,
m22
µ2
)
+
[
Aˆ
(1),Q
il
(m21
µ2
,
m22
µ2
)
+ Z
−1,(1)
il (NF + 2)− Z−1,(1)il (NF )
]
Γ
−1,(2)
lj (NF )
+
[
Aˆ
(2),Q
il
(m21
µ2
,
m22
µ2
)
+ Z
−1,(2)
il (NF + 2)− Z−1,(2)il (NF )
+ Z
−1,(1)
ik (NF + 2)Aˆ
(1),Q
kl
(m21
µ2
,
m22
µ2
)]
Γ
−1,(1)
lj (NF )
)
+O
(
aMOMs
4
)
. (3.66)
Eq. (3.66) differs from the corresponding renormalization and factorization prescription for one
heavy quark flavor [1] only by the definition of the renormalization constants Z
−1,(k)
ij (NF + 2).
Now the term δij is added back to the massive OME. In a final step, the coupling constant is
transformed to that in the MS–scheme via Eq. (3.41).
3.5 One–particle reducible contributions
We will perform the renormalization of the massive operator matrix elements starting from the
set of Feynman diagrams which also include the one-particle reducible contributions. These terms
contribute from O(α2s) onward and are obtained by quark and gluon self–energy contributions to
the external legs of lower order one-particle irreducible diagrams. From 3-loop order onward the
reducible contributions to the OMEs AQg and Agg,Q may contain three different heavy flavors,
while this is not the case for the irreducible contributions. Note that the inclusion of the top
quark in a loop of the irreducible terms for A
(3)
ij would demand to consider the energy range
Q2  m2t . At a scale µ2 ' m2t , both charm and bottom can be dealt with as effectively
massless. The emergence of massive top loops in the reducible contributions is accounted for by
renormalization. In the following we will strictly consider the case of two heavy flavors only.
3.5.1 Self–energy contributions
The scalar self–energies are obtained by projecting out the Lorentz–structure
Πˆabµν(p
2, mˆ21, mˆ
2
2, µ
2, aˆs) = iδ
ab
[−gµνp2 + pµpν] Πˆ(p2, mˆ21, mˆ22, µ2, aˆs) , (3.67)
Πˆ(p2, mˆ21, mˆ
2
2, µ
2, aˆs) =
∞∑
k=1
aˆksΠˆ
(k)(p2, mˆ21, mˆ
2
2, µ
2) , (3.68)
Σˆij(p
2, mˆ21, mˆ
2
2, µ
2, aˆs) = i δij /p Σˆ(p
2, mˆ21, mˆ
2
2, µ
2, aˆs) , (3.69)
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Σˆ(p2, mˆ21, mˆ
2
2, µ
2, aˆs) =
∞∑
k=2
aˆksΣˆ
(k)(p2, mˆ21, mˆ
2
2, µ
2) . (3.70)
We decompose the irreducible two–mass self–energies into contributions which depend on one
mass only and an additional part stemming from diagrams containing both heavy quark flavors
Πˆ(k)
(
p2, mˆ21, mˆ
2
2, µ
2
)
= Πˆ(k)
(
p2,
mˆ21
µ2
)
+ Πˆ(k)
(
p2,
mˆ22
µ2
)
+ ˆ˜Π(k)
(
p2, mˆ21, mˆ
2
2, µ
2
)
, (3.71)
Σˆ(j)
(
p2, mˆ21, mˆ
2
2, µ
2
)
= Σˆ(j)
(
p2,
mˆ21
µ2
)
+ Σˆ(j)
(
p2,
mˆ22
µ2
)
+ ˆ˜Σ(j)
(
p2, mˆ21, mˆ
2
2, µ
2
)
. (3.72)
Up to two–loop order no diagrams with two heavy flavors contribute
ˆ˜Π(k)(p2, mˆ21, mˆ
2
2, µ
2) = 0 for k ∈ {1, 2} , (3.73)
ˆ˜Σ(2)(p2, mˆ21, mˆ
2
2, µ
2) = 0 . (3.74)
The single-mass contributions for the gluon are known from [1,70,71]
Πˆ(1)
(
0,
mˆ2
µ2
)
= TF
(mˆ2
µ2
)ε/2 [
− 8
3ε
exp
( ∞∑
i=2
ζi
i
(ε
2
)i)]
, (3.75)
Πˆ(2)
(
0,
mˆ2
µ2
)
= TF
(mˆ2
µ2
)ε{
− 4
ε2
CA +
1
ε
(5CA − 12CF ) + CA
(13
12
− ζ2
)
− 13
3
CF
+ε
[
CA
(169
144
+
5
4
ζ2 − ζ3
3
)
− CF
(35
12
+ 3ζ2
)]}
+O(ε2) , (3.76)
Πˆ(3)
(
0,
mˆ2
µ2
)
= TF
(mˆ2
µ2
)3ε/2{ 1
ε3
[
−32
9
TFCA (2NF + 1) +
164
9
C2A
]
+
1
ε2
[
80
27
(CA − 6CF )NFTF + 8
27
(35CA − 48CF )TF − 781
27
C2A
+
712
9
CACF
]
+
1
ε
[
4
27
(
CA(−101− 18ζ2)− 62CF
)
NFTF
− 2
27
(
CA(37 + 18ζ2) + 80CF
)
TF + C
2
A
(
−12ζ3 + 41
6
ζ2 +
3181
108
)
+CACF
(
16ζ3 − 1570
27
)
+
272
3
C2F
]
+NFTF
[
CA
(56
9
ζ3 +
10
9
ζ2 − 3203
243
)
− CF
(20
3
ζ2 +
1942
81
)]
+TF
[
CA
(
−295
18
ζ3 +
35
9
ζ2 +
6361
486
)
− CF
(
7ζ3 +
16
3
ζ2 +
218
81
)]
+C2A
(
4B4 − 27ζ4 + 1969
72
ζ3 − 781
72
ζ2 +
42799
3888
)
+CACF
(
−8B4 + 36ζ4 − 1957
12
ζ3 +
89
3
ζ2 +
10633
81
)
21
+C2F
(
95
3
ζ3 +
274
9
)}
+O(ε) , (3.77)
and for the quark self–energy,
Σˆ(2)
(
0,
mˆ2
µ2
)
= TFCF
(mˆ2
µ2
)ε [2
ε
+
5
6
+
(
89
72
+
ζ2
2
)
ε
]
+O(ε2) . (3.78)
Σˆ(3)
(
0,
mˆ2
µ2
)
= TFCF
(mˆ2
µ2
)3ε/2{ 8
3ε3
CA +
1
ε2
[
32
9
TF (NF + 2)− 40
9
CA − 8
3
CF
]
+
1
ε
[
40
27
TF (NF + 2) + CA
(
ζ2 +
454
27
)
− 26CF
]
+NFTF
(4
3
ζ2 +
674
81
)
+ TF
(8
3
ζ2 +
604
81
)
+ CA
(17
3
ζ3 − 5
3
ζ2 +
1879
162
)
−CF
(
8ζ3 + ζ2 +
335
18
)}
+O(ε) . (3.79)
Similarly to other massive processes [1, 72] the constant
B4 = −4ζ2 ln2(2) + 2
3
ln4(2)− 13
2
ζ4 + 16Li4
(1
2
)
≈ −1.762800093... (3.80)
emerges in Eq. (3.77). At O(α3s) irreducible diagrams with two different masses contribute for
the first time. For the gluonic case, we compute the respective diagrams up to O(η3) using the
codes Q2E/Exp [73,74],
ˆ˜Π(3)
(
0, mˆ21, mˆ
2
2, µ
2
)
= T 2FCF
{
−256
9ε2
− 1
ε
[
320
27
+
64
3
ln
(
mˆ21
µ2
)
+
64
3
ln
(
mˆ22
µ2
)]
−
(
40
3
+
32
35
η2 +
128
315
η3
)
ln(η)2 − 32 ln
(
mˆ21
µ2
)
ln
(
mˆ22
µ2
)
+
(
−64
9
+
64
15
η +
10208
3675
η2 +
39616
99225
η3
)
ln(η)− 160
9
ln
(
mˆ21
µ2
)
−1504
81
− 32
3
ζ2 +
416
225
η − 1987136
385875
η2 − 7026016
31255875
η3 +O(η4)
}
+T 2FCA
{
− 64
9ε3
+
1
ε2
[
560
27
− 16
3
ln
(
mˆ21
µ2
)
− 16
3
ln
(
mˆ22
µ2
)]
+
1
ε
[
−148
27
− 8
3
ζ2 − 4 ln2
(
mˆ21
µ2
)
− 4 ln2
(
mˆ22
µ2
)
+
140
9
ln
(
mˆ21
µ2
)
+
140
9
ln
(
mˆ22
µ2
)]
+
4
9
ln3(η)− 2 ln3
(
mˆ21
µ2
)
− 2 ln3
(
mˆ22
µ2
)
+
(
65
9
− 2
15
η − 16
21
η2 − 50
189
η3
)
ln2(η) +
70
3
ln
(
mˆ21
µ2
)
ln
(
mˆ22
µ2
)
+
(
167
27
− 2ζ2 + 1924
225
η +
6392
2205
η2 +
20284
59535
η3
)
ln(η)
−
(
74
9
+ 4ζ2
)
ln
(
mˆ21
µ2
)
− 1139
243
+
70
9
ζ2 +
56
9
ζ3 − 34144
3375
η
22
−1292594
231525
η2 − 4231264
18753525
η3 +O(η4)
}
+O(ε) (3.81)
The quarkonic self–energy contributions have been computed analytically in η,
ˆ˜Σ(3)(0, mˆ21, mˆ
2
2, µ
2) = T 2FCF
(mˆ1mˆ2
µ2
) 3
2
ε
[
128
9ε2
+
160
27ε
+
4
3
ln2(η) +
16
3
ζ2
+
1208
81
+O(ε)
]
. (3.82)
3.5.2 The reducible operator matrix elements
As in Eqs. (3.71–3.72) we define the two–mass OMEs at one–loop order and the irreducible
OMEs at O(α2s) by
ˆˆ
A
(1)
ij
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A
(1)
ij
(
mˆ21
µ2
)
+
ˆˆ
A
(1)
ij
(
mˆ22
µ2
)
, (3.83)
ˆˆ
A
(2),irr
ij
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A
(2),irr
ij
(
mˆ21
µ2
)
+
ˆˆ
A
(2),irr
ij
(
mˆ22
µ2
)
, (3.84)
where the Aij’s with one argument denote the usual single–mass OMEs. Using the definitions
(3.71–3.72) and (3.83–3.84) we compose the reducible massive operator matrix elements at O(α2s)
by
ˆˆ
A(2),NSqq
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A(2),NS,irrqq
(mˆ21
µ2
,
mˆ22
µ2
)
−Σˆ(2) (0, mˆ21, mˆ22, µ2) , (3.85)
ˆˆ
A
(2)
Qg
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A
(2),irr
Qg
(mˆ21
µ2
,
mˆ22
µ2
)
− ˆˆA(1)Qg
(mˆ21
µ2
,
mˆ22
µ2
)
Πˆ(1)
(
0, mˆ21, mˆ
2
2, µ
2
)
, (3.86)
ˆˆ
A(2)gg
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A(2),irrgg
(mˆ21
µ2
,
mˆ22
µ2
)
−Πˆ(2) (0, mˆ21, mˆ22, µ2)
− ˆˆA(1)gg
(mˆ21
µ2
,
mˆ22
µ2
)
Πˆ(1)
(
0, mˆ21, mˆ
2
2, µ
2
)
, (3.87)
and at O(α3s) by
ˆˆ
A(3),NSqq
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A(3),NS,irrqq
(mˆ21
µ2
,
mˆ22
µ2
)
−Σˆ(3) (0, mˆ21, mˆ22, µ2) (3.88)
ˆˆ
A
(3)
Qg
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A
(3),irr
Qg
(mˆ21
µ2
,
mˆ22
µ2
)
− ˆˆA(2)Qg
(mˆ21
µ2
,
mˆ22
µ2
)
Πˆ(1)
(
0, mˆ21, mˆ
2
2, µ
2
)
− ˆˆA(1)Qg
(mˆ21
µ2
,
mˆ22
µ2
)
Πˆ(2)
(
0, mˆ21, mˆ
2
2, µ
2
)
(3.89)
ˆˆ
A(3)gg
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆˆ
A(3),irrgg
(mˆ21
µ2
,
mˆ22
µ2
)
− ˆˆA(2)gg
(mˆ21
µ2
,
mˆ22
µ2
)
Πˆ(1)
(
0, mˆ21, mˆ
2
2, µ
2
)
− ˆˆA(1)gg
(mˆ21
µ2
,
mˆ22
µ2
)
Πˆ(2)
(
0, mˆ21, mˆ
2
2, µ
2
)− Πˆ(3) (0, mˆ21, mˆ22, µ2) . (3.90)
We can subtract the single–mass contributions to these equations using Eq. (3.1), keeping only
the genuine two–mass contributions. At three loops we obtain
23
ˆ˜ˆ
A(3),NSqq
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆ˜ˆ
A(3),NS,irrqq
(mˆ21
µ2
,
mˆ22
µ2
)
− ˆ˜Σ(3) (0, mˆ21, mˆ22, µ2) (3.91)
ˆ˜ˆ
A
(3)
Qg
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆ˜ˆ
A
(3),irr
Qg
(mˆ21
µ2
,
mˆ22
µ2
)
+
ˆˆ
A
(1)
Qg
(
mˆ21
µ2
)[
2Πˆ(1)
(
0,
mˆ21
µ2
)
+ Πˆ(1)
(
0,
mˆ22
µ2
)]
Πˆ(1)
(
0,
mˆ22
µ2
)
+
ˆˆ
A
(1)
Qg
(
mˆ22
µ2
)[
2Πˆ(1)
(
0,
mˆ22
µ2
)
+ Πˆ(1)
(
0,
mˆ21
µ2
)]
Πˆ(1)
(
0,
mˆ21
µ2
)
− ˆˆA(2)Qg
(
mˆ21
µ2
)
Πˆ(1)
(
0,
mˆ22
µ2
)
− ˆˆA(2)Qg
(
mˆ22
µ2
)
Πˆ(1)
(
0,
mˆ21
µ2
)
− ˆˆA(1)Qg
(
mˆ21
µ2
)
Πˆ(2)
(
0,
mˆ22
µ2
)
− ˆˆA(1)Qg
(
mˆ22
µ2
)
Πˆ(2)
(
0,
mˆ21
µ2
)
(3.92)
ˆ˜ˆ
A(3)gg
(mˆ21
µ2
,
mˆ22
µ2
)
=
ˆ˜ˆ
A(3),irrgg
(mˆ21
µ2
,
mˆ22
µ2
)
− ˆ˜Π(3) (0, mˆ21, mˆ22, µ2)
− ˆˆA(2),irrgg
(
mˆ21
µ2
)
Πˆ(1)
(
0,
mˆ22
µ2
)
− ˆˆA(2),irrgg
(
mˆ22
µ2
)
Πˆ(1)
(
0,
mˆ21
µ2
)
−2 ˆˆA(1)gg
(
mˆ21
µ2
)
Πˆ(2)
(
0,
mˆ22
µ2
)
− 2 ˆˆA(1)gg
(
mˆ22
µ2
)
Πˆ(2)
(
0,
mˆ21
µ2
)
+
ˆˆ
A(1)gg
(
mˆ21
µ2
)[
2Πˆ(1)
(
0,
mˆ21
µ2
)
+ Πˆ(1)
(
0,
mˆ22
µ2
)]
Πˆ(1)
(
0,
mˆ22
µ2
)
+
ˆˆ
A(1)gg
(
mˆ22
µ2
)[
2Πˆ(1)
(
0,
mˆ22
µ2
)
+ Πˆ(1)
(
0,
mˆ21
µ2
)]
Πˆ(1)
(
0,
mˆ21
µ2
)
. (3.93)
3.6 The General Structure of the Massive Operator Matrix Elements
In the following, we present the structure of the different unrenormalized and renormalized OMEs
for the genuine two-mass contributions.
In the case of only one heavy quark flavor with mass m [1], the mass dependence of the
unrenormalized massive operator matrix element at order αls is given by
ˆˆ
A
(l)
ij
(mˆ2
µ2
, ε, N
)
=
(
mˆ2
µ2
) lε
2 ˆˆ
A
(l)
ij (ε,N) . (3.94)
Here the OME
ˆˆ
A
(l)
ij
(
ε,N
)
does not depend on the mass explicitely anymore. It exhibits poles
in the dimensional parameter ε up to ε−l
ˆˆ
A
(l)
ij (ε,N) =
∞∑
k=0
a
(l,k)
ij
εl−k
. (3.95)
We adopt the notation of Ref. [1] and denote
a(l,l) ≡ a(l) , a(l,l+1) ≡ a(l). (3.96)
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The unrenormalized operator matrix elements with two massive fermion flavors with masses
m1 6= m2 are split into the respective single-mass contributions (3.94, 3.95) and a part
ˆ˜ˆ
A
(l)
ij
(
mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
depending on both masses
ˆˆ
A
(l)
ij
(mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
=
[(
mˆ21
µ2
) lε
2
+
(
mˆ22
µ2
) lε
2
]
ˆˆ
A
(l)
ij
(
ε,N
)
+
ˆ˜ˆ
A
(l)
ij
(mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
. (3.97)
The two–flavor contributions
ˆ˜ˆ
A
(l)
ij
(
mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
, m1 6= m2, to the massive OMEs do not obey
a factorization relation as (3.94) and the mass dependence is pulled into the coefficients of the
Laurent expansion
ˆ˜ˆ
A
(l)
ij
(mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
=
∞∑
k=0
a˜
(l,k)
ij
(
mˆ21
µ2
,
mˆ22
µ2
)
εl−k
. (3.98)
Analogously to (3.96) we define
a˜(l,l)
(mˆ21
µ2
,
mˆ22
µ2
)
≡ a˜(l)
(mˆ21
µ2
,
mˆ22
µ2
)
. (3.99)
In the following, a(l,k), a(l), a(l) without argument will denote the single mass–quantities corre-
sponding to the definitions in (3.95, 3.96), while a˜(l,l)
(
mˆ21
µ2
,
mˆ22
µ2
)
refers to the two-mass contribu-
tion. From Eq. (3.66) it is obvious that the renormalization of the 3–loop OMEs requires the
knowledge of the one–loop OMEs A
(1)
ij (m1,m2) up to O(ε
2) and the two–loop OMEs A
(2)
ij (m1,m2)
up to O(ε). Up to O(α2s), these two mass quantities can be traced back to the corresponding
single–mass quantities by Eqs. (3.83–3.84) and (3.85–3.87).
It is technically advantageous to perform the renormalization on the complete two–flavor
OMEs
ˆˆ
A
(l)
ij
(
mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
. For brevity we will present the renormalization formulas for the two-
mass contribution
ˆ˜ˆ
A
(l)
ij
(
mˆ21
µ2
,
mˆ22
µ2
, ε, N
)
only, which is obtained after subtracting the respective
single-mass contributions [1, 75].
The analytic expressions for the respective single mass contributions and renormalization
constants to two-loop order, which appear in subsequent relations, have been given in Refs. [1,
12,15,16,46] and references therein.
3.6.1 ANSqq,Q
The lowest non–trivial flavor non-singlet (NS) contribution is of O(a2s),
ANSqq,Q = 1 + a
2
sA
(2),NS
qq,Q + a
3
sA
(3),NS
qq,Q +O(a
4
s) . (3.100)
Starting from O(a3s) it exhibits a non-trivial two–mass contribution
A˜NSqq,Q = 1 + a
3
sA˜
(3),NS
qq,Q +O(a
4
s) . (3.101)
The renormalized two-mass OME in the MOM–scheme is obtained from the bare quantities
combining Eqs. (3.43, 3.66). It is given by
A
(3),NS,MOM
qq,Q (NF + 2) = Aˆ
(3),NS,MOM
qq,Q + Z
−1,(3),NS
qq (NF +NH)− Z−1,(3),NSqq (NF )
25
+Z−1,(1),NSqq (NF +NH)Aˆ
(2),NS,MOM
qq,Q +
[
Aˆ
(2),NS,MOM
qq,Q
+Z−1,(2),NSqq (NF +NH)− Z−1,(2),NSqq (NF )
]
Γ−1,(1)qq (NF ) . (3.102)
After a finite renormalization to the MS–scheme and the subtraction of the single-mass contri-
butions one obtains the pole-structure of the two–flavor piece by
ˆ˜ˆ
A
(3),NS
qq,Q = −
16
3ε3
γ(0)qq β
2
0,Q +
1
ε2
[
−8
3
β0,Qγˆ
NS,(1)
qq − 4γ(0)qq β20,Q (L1 + L2)
]
+
1
ε
[
−2β0,QγˆNS,(1)qq (L2 + L1)− 2γ(0)qq β20,Q
(
L21 + L2L1 + L
2
2
)
−8aNS,(2)qq β0,Q +
2
3
ˆ˜γ(2),NSqq
]
+ a˜
(3),NS
qq,Q
(
m21,m
2
2, µ
2
)
, (3.103)
with
L1 = ln
(
m21
µ2
)
, L2 = ln
(
m22
µ2
)
. (3.104)
The renormalized expression in the MS–scheme is given by
A˜
(3),MS,NS
qq,Q = γ
(0)
qq β
2
0,Q
(
2
3
L31 +
2
3
L32 +
1
2
L22L1 +
1
2
L21L2
)
+ β0,Qγˆ
NS,(1)
qq
(
L21 + L
2
2
)
+
{
4aNS,(2)qq β0,Q +
1
2
β20,Qγ
(0)
qq ζ2
}
(L1 + L2) + 8a
NS,(2)
qq β0,Q
+a˜
(3),NS
qq,Q
(
m21,m
2
2, µ
2
)
. (3.105)
For N = 1 the OME vanishes due to fermion number conservation; this applies both for the
anomalous dimensions γ
(l)
qq and the expansion coefficients of the OMEs a
NS,(2)
qq , aNS,(2)qq and a˜
(3),NS
qq,Q .
3.6.2 APSQq
Depending on whether the operator couples to a heavy or a light fermion, there are two pure–
singlet contributions [1]
APSQq = a
2
sA
(2),PS
Qq + a
3
sA
(3),PS
Qq +O(a
4
s) , (3.106)
APSqq,Q = a
3
sA
(3),PS
qq,Q +O(a
4
s) . (3.107)
Up to O(a3s) only the OME AQq contains a generic two–mass contribution, since A
PS
qq,Q emerges
only at O(a3s) and contains one internal massless fermion line. One has
A˜PSQq = a
3
sA˜
(3),PS
Qq +O(a
4
s) . (3.108)
The combined renormalization relation at third order is given by
A
(3),PS,MOM
Qq + A
(3),PS,MOM
qq,Q = Aˆ
(3),PS,MOM
Qq + Aˆ
(3),PS,MOM
qq,Q + Z
−1,(3),PS
qq (NF +NH)
− Z−1,(3),PSqq (NF ) + Z−1,(1)qq (NF +NH)Aˆ(2),PS,MOMQq + Z−1,(1)qg (NF +NH)Aˆ(2),MOMgq,Q
+
[
Aˆ
(1),MOM
Qg + Z
−1,(1)
qg (NF +NH)− Z−1,(1)qg (NF )
]
Γ−1,(2)gq (NF ) +
[
Aˆ
(2),PS,MOM
Qq
26
+ Z−1,(2),PSqq (NF +NH)− Z−1,(2),PSqq (NF )
]
Γ−1,(1)qq (NF ) +
[
Aˆ
(2),MOM
Qg + Z
−1,(2)
qg (NF +NH)
− Z−1,(2)qg (NF ) + Z−1,(1)qq (NF +NH)A(1),MOMQg + Z−1,(1)qg (NF +NH)A(1),MOMgg,Q
]
Γ−1,(1)gq (NF ) .
(3.109)
This yields the generic pole structure for the PS two–mass contribution
ˆ˜ˆ
A
(3),PS
Qq =
16
3ε3
γ(0)gq γˆ
(0)
qg β0,Q +
1
ε2
[
4γ(0)gq γˆ
(0)
qg β0,Q (L1 + L2) +
2
3
γˆ(0)qg γˆ
(1)
gq −
8
3
β0,Qγˆ
PS,(1)
qq
]
+
1
ε
[
2γ(0)gq γˆ
(0)
qg β0,Q
(
L21 + L1L2 + L
2
2
)
+
{
1
2
γˆ(0)qg γˆ
(1)
gq − 2β0,QγˆPS,(1)qq
}
(L2 + L1)
+
2
3
ˆ˜γ(2),PSqq − 8a(2),PSQq β0,Q + 2γˆ(0)qg a(2)gq
]
+ a˜
(3),PS
Qq
(
m21,m
2
2, µ
2
)
. (3.110)
In the MS–scheme one obtains the renormalized expression by
A˜
(3),MS,PS
Qq = −γ(0)gq γˆ(0)qg β0,Q
(
1
2
L22L1 +
1
2
L21L2 +
2
3
L31 +
2
3
L32
)
+
{
−1
4
γˆ(0)qg γˆ
(1)
gq + β0,Qγˆ
PS,(1)
qq
}(
L22 + L
2
1
)
+
{
4a
(2),PS
Qq β0,Q − γˆ(0)qg a(2)gq −
1
2
β0,Qζ2γ
(0)
gq γˆ
(0)
qg
}
(L1 + L2)
+8a
(2),PS
Qq β0,Q − 2γˆ(0)qg a(2)gq + a˜(3),PSQq
(
m21,m
2
2, µ
2
)
. (3.111)
3.6.3 AQg
Like in the PS case, there are two different contributions to the OME AQg
AQg = asA
(1)
Qg + a
2
sA
(2)
Qg + a
3
sA
(3)
Qg +O(a
4
s) . (3.112)
Aqg,Q = a
3
sA
(3)
qg,Q +O(a
4
s) . (3.113)
Of these OMEs only AQg contains two–flavor contributions starting from O(a
2
s)
A˜Qg = a
2
sA˜
(2)
Qg + a
3
sA˜
(3)
Qg +O(a
4
s) . (3.114)
In Eq. (3.114) the O(a2s) contribution consists of one–particle reducible diagrams only, see
Eq. (3.86). As a consequence the flavor dependence factorizes in the O(a2s) terms.
The renormalized MOM–scheme two–loop contribution is obtained by
A
(2),MOM
Qg = Aˆ
(2),MOM
Qg + Z
−1,(2)
qg (NF +NH)− Z−1,(2)qg (NF ) + Z−1,(1)qg (NF +NH)Aˆ(1),MOMgg,Q
+Z−1,(1)qq (NF +NH)Aˆ
(1),MOM
Qg +
[
Aˆ
(1),MOM
Qg + Z
−1,(1)
qg (NF +NH)
−Z−1,(1)qg (NF )
]
Γ−1,(1)gg (NF ) . (3.115)
The unrenormalized terms are given by
ˆ˜ˆ
A
(2)
Qg = −
4
ε2
β0,Qγˆ
(0)
qg −
2
ε
β0,Qγˆ
(0)
qg (L1 + L2) + a˜
(2)
Qg
(
m21
µ2
,
m22
µ2
)
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+εa˜
(2)
Qg
(
m21
µ2
,
m22
µ2
)
. (3.116)
The coefficients a˜
(2)
Qg
(
m21
µ2
,
m22
µ2
)
and a˜
(2)
Qg
(
m21
µ2
,
m22
µ2
)
are read off from Eq. (3.86)
a
(2)
Qg = −β0,Qγˆ(0)qg
{
1
2
(L1 + L2)
2 + ζ2
}
, (3.117)
a
(2)
Qg = β0,Qγˆ
(0)
qg
{
− 1
12
(L1 + L2)
3 − 1
2
ζ2 (L1 + L2)− 1
3
ζ3
}
. (3.118)
The renormalized expression at 2 loops then reads
A˜
(2),MS
Qg =
1
2
β0,Qγˆ
(0)
qg
(
L21 + L
2
2
)
+ ζ2β0,Qγˆ
(0)
qg + a˜
(2)
Qg . (3.119)
The renormalized 3–loop OMEs in the MOM–scheme are obtained from the charge– and mass–
renormalized OMEs by
A
(3),MOM
Qg + A
(3),MOM
qg,Q = Aˆ
(3),MOM
Qg + Aˆ
(3),MOM
qg,Q + Z
−1,(3)
qg (NF +NH)− Z−1,(3)qg (NF )
+ Z−1,(2)qg (NF +NH)Aˆ
(1),MOM
gg,Q + Z
−1,(1)
qg (NF +NH)Aˆ
(2),MOM
gg,Q + Z
−1,(2)
qq (NF +NH)Aˆ
(1),MOM
Qg
+ Z−1,(1)qq (NF +NH)Aˆ
(2),MOM
Qg +
[
Aˆ
(1),MOM
Qg + Z
−1,(1)
qg (NF +NH)
− Z−1,(1)qg (NF )
]
Γ−1,(2)gg (NF ) +
[
Aˆ
(2),MOM
Qg + Z
−1,(2)
qg (NF +NH)− Z−1,(2)qg (NF )
+ Z−1,(1)qq (NF +NH)A
(1),MOM
Qg + Z
−1,(1)
qg (NF +NH)A
(1),MOM
gg,Q
]
Γ−1,(1)gg (NF )
+
[
Aˆ
(2),PS,MOM
Qq + Z
−1,(2),PS
qq (NF +NH)− Z−1,(2),PSqq (NF )
]
Γ−1,(1)qg (NF )
+
[
Aˆ
(2),NS,MOM
qq,Q + Z
−1,(2),NS
qq (NF +NH)− Z−1,(2),NSqq (NF )
]
Γ−1,(1)qg (NF ) . (3.120)
The structure of the unrenormalized OME is more complex than in the NS– or PS case. It is
given by
ˆ˜ˆ
A
(3)
Qg =
1
ε3
[
28
3
β0β0,Qγˆ
(0)
qg −
8
3
γˆ(0)qg γ
(0)
qq β0,Q +
14
3
β0,Qγˆ
(0)
qg γ
(0)
gg + 24β
2
0,Qγˆ
(0)
qg +
1
3
γ(0)gq
(
γˆ(0)qg
)2]
+
1
ε2
[{
1
4
γ(0)gq
(
γˆ(0)qg
)2
+ 18β20,Qγˆ
(0)
qg + 7β0β0,Qγˆ
(0)
qg − 2γˆ(0)qg γ(0)qq β0,Q +
7
2
β0,Qγˆ
(0)
qg γ
(0)
gg
}
× (L1 + L2) + 1
3
γˆ(0)qg γˆ
PS,(1)
qq +
1
3
γˆ(0)qg γˆ
NS,(1)
qq −
10
3
β0,Qγˆ
(1)
qg +
2
3
γˆ(0)qg γˆ
(1)
gg −
2
3
γˆ(0)qg β1,Q
+10γˆ(0)qg β0,Qδm
(−1)
1
]
+
1
ε
[{
1
4
γˆ(0)qg γˆ
NS,(1)
qq +
15
2
γˆ(0)qg β0,Qδm
(−1)
1 +
1
4
γˆ(0)qg γˆ
PS,(1)
qq −
5
2
β0,Qγˆ
(1)
qg
+
1
2
γˆ(0)qg γˆ
(1)
gg −
1
2
γˆ(0)qg β1,Q
}
(L1 + L2) +
{
13
4
β0β0,Qγˆ
(0)
qg +
13
8
β0,Qγˆ
(0)
qg γ
(0)
gg +
15
2
β20,Qγˆ
(0)
qg
+
3
16
γ(0)gq
(
γˆ(0)qg
)2 − γˆ(0)qg γ(0)qq β0,Q
}(
L21 + L
2
2
)
+
{
−γˆ(0)qg γ(0)qq β0,Q + 4β0β0,Qγˆ(0)qg + 12β20,Qγˆ(0)qg
28
+2β0,Qγˆ
(0)
qg γ
(0)
gg
}
L1L2 +
2
3
ˆ˜γ(2)qg − 8β0,Qa(2)Qg −
1
8
(
γˆ(0)qg
)2
ζ2γ
(0)
gq + 2γˆ
(0)
qg a
(2)
gg,Q − 2γˆ(0)qg δ˜m(−1)2
+9γˆ(0)qg ζ2β
2
0,Q +
1
4
β0,Qζ2γˆ
(0)
qg γ
(0)
gg +
1
2
γˆ(0)qg ζ2β0,Qβ0 + 8δm
(0)
1 β0,Qγˆ
(0)
qg
]
+a˜
(3)
Qg
(
m21,m
2
2, µ
2
)
. (3.121)
For the renormalized operator matrix element in the MS scheme we finally obtain,
A˜
(3),MS
Qg =
{
−9
4
β20,Qγˆ
(0)
qg −
7
96
γ(0)gq
(
γˆ(0)qg
)2
+
1
3
γˆ(0)qg γ
(0)
qq β0,Q −
25
48
β0,Qγˆ
(0)
qg γ
(0)
gg −
25
24
β0β0,Qγˆ
(0)
qg
}
× (L31 + L32)+
{
1
4
γˆ(0)qg γ
(0)
qq β0,Q − β0β0,Qγˆ(0)qg −
1
2
β0,Qγˆ
(0)
qg γ
(0)
gg − 3β20,Qγˆ(0)qg
}
× (L21L2 + L22L1)+
{
− 1
16
γˆ(0)qg γˆ
PS,(1)
qq −
1
16
γˆ(0)qg γˆ
NS,(1)
qq +
9
8
β0,Qγˆ
(1)
qg −
1
4
γˆ(0)qg γˆ
(1)
gg
−29
8
γˆ(0)qg β0,Qδm
(−1)
1 +
1
8
γˆ(0)qg β1,Q
}(
L21 + L
2
2
)− 4L1L2γˆ(0)qg β0,Qδm(−1)1 +
{
3
2
γˆ(0)qg δ˜m
(−1)
2
+
1
32
(
γˆ(0)qg
)2
ζ2γ
(0)
gq +
1
4
γˆ(0)qg ζ2β0,Qγ
(0)
qq − 6δm(0)1 β0,Qγˆ(0)qg − γˆ(0)qg a(2)gg,Q −
9
16
β0,Qζ2γˆ
(0)
qg γ
(0)
gg
−27
4
γˆ(0)qg ζ2β
2
0,Q −
9
8
γˆ(0)qg ζ2β0,Qβ0 + 4β0,Qa
(2)
Qg
}
(L1 + L2) + 8a
(2)
Qgβ0,Q −
1
8
γˆ(0)qg ζ2γˆ
PS,(1)
qq
−1
8
γˆ(0)qg ζ2γˆ
NS,(1)
qq +
1
24
(
γˆ(0)qg
)2
ζ3γ
(0)
gq − 3γˆ(0)qg β20,Qζ3 +
1
4
γˆ(1)qg β0,Qζ2 − 8δm(1)1 β0,Qγˆ(0)qg
+
1
4
γˆ(0)qg ζ2β1,Q − 2γˆ(0)qg a(2)gg,Q −
1
6
γˆ(0)qg β0β0,Qζ3 −
1
12
β0,Qζ3γˆ
(0)
qg γ
(0)
gg + γˆ
(0)
qg
(
δ˜m2
1,(0)
+δ˜m2
2,(0)
)
− 9
4
γˆ(0)qg ζ2β0,Qδm
(−1)
1 + a˜
(3)
Qg
(
m21,m
2
2, µ
2
)
. (3.122)
3.6.4 Agq,Q
The matrix element Agq,Q contains contributions starting at O(a
2
s),
Agq,Q = a
2
sA
(2)
gq,Q + a
3
sA
(3)
gq,Q +O(a
4
s) . (3.123)
Diagrams with two different masses, however, contribute only from O(a3s)
A˜gq,Q = a
3
sA˜
(3)
gq,Q +O(a
4
s) . (3.124)
The renormalization in the MOM–scheme is performed using
A
(2),MOM
gq,Q = Aˆ
(2),MOM
gq,Q + Z
−1,(2)
gq (NF +NH)− Z−1,(2)gq (NF )
+
(
Aˆ
(1),MOM
gg,Q + Z
−1,(1)
gg (NF +NH)− Z−1,(1)gg (NF )
)
Γ−1,(1)gq , (3.125)
A
(3),MOM
gq,Q = Aˆ
(3),MOM
gq,Q + Z
−1,(3)
gq (NF +NH)− Z−1,(3)gq (NF ) + Z−1,(1)gg (NF +NH)Aˆ(2),MOMgq,Q
+Z−1,(1)gq (NF +NH)Aˆ
(2),MOM
qq +
[
Aˆ
(1),MOM
gg,Q + Z
−1,(1)
gg (NF +NH)
29
−Z−1,(1)gg (NF )
]
Γ−1,(2)gq (NF ) +
[
Aˆ
(2),MOM
gq,Q + Z
−1,(2)
gq (NF +NH)
−Z−1,(2)gq (NF )
]
Γ−1,(1)qq (NF ) +
[
Aˆ
(2),MOM
gg,Q + Z
−1,(2)
gg (NF +NH)
−Z−1,(2)gg (NF ) + Z−1,(1)gg (NF +NH)Aˆ(1),MOMgg,Q
+Z−1,(1)gq (NF +NH)Aˆ
(1),MOM
Qg
]
Γ−1,(1)gq (NF ) . (3.126)
Applying Eq. (3.126) yields the unrenormalized expression
ˆ˜ˆ
A
(3)
gq,Q = −
16
ε3
γ(0)gq β
2
0,Q +
1
ε2
[
−12γ(0)gq β20,Q (L2 + L1)− 4β0,Qγˆ(1)gq
]
+
1
ε
[
−6γ(0)gq β20,Q
(
L22 + L1L2 + L
2
1
)− 3β0,Qγˆ(1)gq (L2 + L1)
+
2
3
ˆ˜γ(2)gq − 12a(2)gq β0,Q
]
+ a˜
(3)
gq,Q
(
m21,m
2
2, µ
2
)
, (3.127)
and the renormalized operator matrix element reads
A˜
(3),MS
gq,Q = γ
(0)
gq β
2
0,Q
(
2L32 + 2L
3
1 +
3
2
L22L1 +
3
2
L21L2
)
+
3
2
β0,Qγˆ
(1)
gq
(
L22 + L
2
1
)
+
{
6a(2)gq β0,Q +
3
2
γ(0)gq β
2
0,Qζ2
}
(L2 + L1) + 12a
(2)
gq β0,Q + a˜
(3)
gq,Q
(
m21,m
2
2, µ
2
)
.
(3.128)
3.6.5 Agg,Q
Finally, the matrix element Agg,Q obeys the expansion
Agg,Q = 1 + asA
(1)
gg,Q + a
2
sA
(2)
gg,Q + a
3
sA
(3)
gg,Q +O(a
4
s) , (3.129)
with two–mass contributions starting at O(a2s),
A˜gg,Q = a
2
sA˜
(2)
gg,Q + a
3
sA˜
(3)
gg,Q +O(a
4
s) . (3.130)
The renormalization formulae in the MOM–scheme read
A
(2),MOM
gg,Q = Aˆ
(2),MOM
gg,Q + Z
−1,(2)
gg (NF +NH)− Z−1,(2)gg (NF )
+Z−1,(1)gg (NF +NH)Aˆ
(1),MOM
gg,Q + Z
−1,(1)
gq (NF +NH)Aˆ
(1),MOM
Qg
+
[
Aˆ
(1),MOM
gg,Q + Z
−1,(1)
gg (NF +NH)− Z−1,(1)gg (NF )
]
Γ−1,(1)gg (NF ) , (3.131)
A
(3),MOM
gg,Q = Aˆ
(3),MOM
gg,Q + Z
−1,(3)
gg (NF +NH)− Z−1,(3)gg (NF ) + Z−1,(2)gg (NF +NH)Aˆ(1),MOMgg,Q
+Z−1,(1)gg (NF +NH)Aˆ
(2),MOM
gg,Q + Z
−1,(2)
gq (NF +NH)Aˆ
(1),MOM
Qg
+Z−1,(1)gq (NF +NH)Aˆ
(2),MOM
Qg +
[
Aˆ
(1),MOM
gg,Q + Z
−1,(1)
gg (NF +NH)
−Z−1,(1)gg (NF )
]
Γ−1,(2)gg (NF ) +
[
Aˆ
(2),MOM
gg,Q + Z
−1,(2)
gg (NF +NH)
−Z−1,(2)gg (NF ) + Z−1,(1)gq (NF +NH)A(1),MOMQg
30
+Z−1,(1)gg (NF +NH)A
(1),MOM
gg,Q
]
Γ−1,(1)gg (NF )
+
[
Aˆ
(2),MOM
gq,Q + Z
−1,(2)
gq (NF +NH)− Z−1,(2)gq (NF )
]
Γ−1,(1)qg (NF ) . (3.132)
After subtracting all single–mass contributions we obtain the unrenormalized two–flavor con-
tribution at 2 loops
ˆ˜ˆ
A
(2)
gg,Q =
8β0,Q
ε2
+
4β20,Q
ε
(L1 + L2) + a˜gg,Q
(
m21,m
2
2, µ
2
)
+ εa˜gg,Q
(
m21,m
2
2, µ
2
)
(3.133)
and the renormalized expression
A˜
(2),MS
gg,Q = −β20,Q
(
ln2
(
m2b
µ2
)
+ ln2
(
m2b
µ2
))
− 2β20,Qζ2 + a˜gg,Q
(
m21,m
2
2, µ
2
)
. (3.134)
The O(a2s) contribution consists of one particle reducible contributions only and the coefficients
follow from Eq. (3.87)
a
(2)
gg,Q = β
2
0,Q (L2 + L1)
2 + 2β20,Qζ2 , (3.135)
a
(2)
gg,Q =
1
6
β20,Q (L1 + L2)
3 + β20,Qζ2 (L2 + L1) +
2
3
β20,Qζ3 . (3.136)
The unrenormalized 3-loop contribution from two masses reads
ˆˆ
A
(3)
gg,Q =
1
ε3
[
−10
3
γˆ(0)qg β0,Qγ
(0)
gq −
56
3
β0β
2
0,Q −
28
3
β20,Qγ
(0)
gg − 48β30,Q
]
+
1
ε2
[{
−7β20,Qγ(0)gg
−14β0β20,Q −
5
2
γˆ(0)qg β0,Qγ
(0)
gq − 36β30,Q
}
(L1 + L2) +
1
3
γˆ(0)qg γˆ
(1)
gq −
14
3
β0,Qγˆ
(1)
gg
+
4
3
β1,Qβ0,Q − 20δm(−1)1 β20,Q
]
+
1
ε
[{
1
4
γˆ(0)qg γˆ
(1)
gq − 15δm(−1)1 β20,Q −
7
2
β0,Qγˆ
(1)
gg
+β1,Qβ0,Q
}
(L1 + L2) +
{
−15β30,Q −
11
8
γˆ(0)qg β0,Qγ
(0)
gq −
13
2
β0β
2
0,Q −
13
4
β20,Qγ
(0)
gg
}
× (L21 + L22)+
{
−4β20,Qγ(0)gg − 24β30,Q − 8β0β20,Q − γˆ(0)qg β0,Qγ(0)gq
}
L1L2 − 1
2
β20,Qζ2γ
(0)
gg
+
2
3
ˆ˜γ(2)gg − 12β0,Qa(2)gg,Q − 18β30,Qζ2 +
1
4
β0,Qζ2γ
(0)
gq γˆ
(0)
qg − β0β20,Qζ2 − 16δm(0)1 β20,Q
+4β0,Qδ˜m
(−1)
2
]
+ a˜
(3)
gg,Q
(
m21,m
2
2, µ
2
)
. (3.137)
The renormalized result in the MS–scheme is given by
A˜
(3),MS
gg,Q =
{
25
24
β20,Qγ
(0)
gg +
25
12
β0β
2
0,Q +
9
2
β30,Q +
23
48
γˆ(0)qg β0,Qγ
(0)
gq
}(
L31 + L
3
2
)
+
{
1
4
γˆ(0)qg β0,Qγ
(0)
gq
+β20,Qγ
(0)
gg + 2β0β
2
0,Q + 6β
3
0,Q
}(
L21L2 + L
2
2L1
)
+
{
−1
4
β1,Qβ0,Q +
13
8
β0,Qγˆ
(1)
gg
31
+
29
4
δm
(−1)
1 β
2
0,Q −
1
16
γˆ(0)qg γˆ
(1)
gq
}(
L21 + L
2
2
)
+ 8L2L1δm
(−1)
1 β
2
0,Q +
{
9
4
β0β
2
0,Qζ2
+
27
2
β30,Qζ2 − 3β0,Qδ˜m(−1)2 +
9
8
ζ2β
2
0,Qγ
(0)
gg + 12δm
(0)
1 β
2
0,Q +
3
16
β0,Qζ2γ
(0)
gq γˆ
(0)
qg
+6β0,Qa
(2)
gg,Q
}
(L2 + L1)− 1
8
γˆ(0)qg ζ2γˆ
(1)
gq +
1
4
β0,Qζ2γˆ
(1)
gg +
1
3
β0β
2
0,Qζ3 + 12β0,Qa
(2)
gg,Q
+6β30,Qζ3 + 16δm
(1)
1 β
2
0,Q +
1
6
β20,Qζ3γ
(0)
gg − 2β0,Q
(
δ˜m2
1,(0) + δ˜m2
2,(0)
)
+
9
2
δm
(−1)
1 β
2
0,Qζ2 −
1
12
ζ3β0,Qγ
(0)
gq γˆ
(0)
qg −
1
2
ζ2β0,Qβ1,Q + a˜
(3)
gg,Q
(
m21,m
2
2, µ
2
)
. (3.138)
3.7 Mass renormalization schemes
The heavy quark masses in the MS and on-shell renormalization schemes are related by
mˆ = ZMSm m = Zmm, (3.139)
where m denotes the mass in the MS scheme and m in the OMS scheme. The ratio of these two
masses for a quark of mass m2 in the presence of a second heavy quark of mass m1 is given by
zm =
m
m
= 1 +
∞∑
k=1
(
αMSs
pi
)k
z(k)m (3.140)
with [48–51]10,
z(1)m = −CF
[
1− 3
4
Lµ
]
(3.141)
z(2)m = CFTF
[
143
96
− pi
2
6
+
13
24
Lµ +
1
8
L2µ
]
+ CFNFTF
[
71
96
+
pi2
12
+
13
24
Lµ +
1
8
L2µ
]
+CFTF
[
71
96
+
pi2
12
− x
4
pi2 +
3
4
x2 − pi
2
4
x3 +
pi2
12
x4 +
1
2
x2H0(x)
−1
2
(
1 + x+ x3 + x4
)
H−1,0(x) +
1
2
x4H20 (x) +
1
2
[
1− x− x3 + x4]H1,0(x)
+
13
24
Lµ +
1
8
L2µ
]
+ C2F
[
7
128
− 5pi
2
16
+
1
2
pi2 ln(2) +
21
32
Lµ +
9
32
L2µ −
3
4
ζ3
]
+CACF
[
−1111
384
+
pi2
12
− 1
4
pi2 ln(2)− 185
96
Lµ − 11
32
L2µ +
3
8
ζ3
]
, (3.142)
with Lµ = ln(µ
2/m2) and x = m1/m2.
In data analyses one usually fits the MS-mass m, which is free of infrared renormalon am-
biguities, unlike the on-shell mass, which grows significantly order-by-order in perturbation the-
ory [51].
10We thank P. Marquard for providing this relation.
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4 Fixed Moments of the Massive Operator Matrix Ele-
ments
In Ref. [1] a series of fixed Mellin moments of all massive operator matrix elements at 3-loop
order have been calculated in the single mass case by projecting the corresponding integrals
onto massive tadpoles and evaluating them using the code MATAD [76]. These moments serve
as important reference points for the general N solution. In the following, we will calculate
the Mellin moments N = 2, 4, 6 in the case of unequal masses. The number of moments is less
than in the equal mass case, where values of N = 10...14 could be reached, which is due to the
presence of the second variable η and the performance of the codes Q2e/Exp [73, 74], which we
are going to use. The full calculation took about one CPU year. We still obtain very useful
reference points by this.
The Feynman diagrams are generated using the code QGRAF [77]. In order to take into account
the local operator insertions, we introduce new additional propagators which either carry an
operator insertion or which generate an operator on an attached vertex. In the case of operator
insertions on a gauge boson line, this method leads to a double counting of some vertex diagrams
which has to be removed. For the calculation of the color algebra of the expressions we used the
code Color [78].
After inserting the Feynman rules, cf. Section 8.1 [1], and the projection operators, the
momentum integrals take the form
I(l)(p,m1,m2, n1 . . . nj) ≡
∫
dDk1
(2pi)D
. . .
∫
dDkl
(2pi)D
(∆.q1)
n1 . . . (∆.qj)
njf(k1 . . . kl, p,m1,m2) .
(4.1)
Here p denotes the external momentum, p2 = 0, ∆ is an arbitrary light–like vector ∆2 = 0
and qi are linear combinations of the loop momenta kj and the external momentum p. The
exponents ni are integer-valued and obey
∑
ni = N , while the function f(k1 . . . kl, p,m1,m2)
contains the remaining numerator structure and denominators. In Eq. (4.1), we have omitted
possible summations over indices on which the exponents ni might depend.
We may represent (4.1) as
I(l) (p,m1,m2, n1 . . . nj) =
N∏
j=1
∆µj I˜(l)µ1,...,µN (p,m1,m2, n1 . . . nj) . (4.2)
Since
∏N
j=1 ∆
µj constitutes a completely symmetric tensor only the purely symmetric part of
I˜
(l)
µ1,...,µN contributes. We thus symmetrize by shuffling the indices, [79], and normalize it by
dividing by the number of terms. For the general integral (4.1) the symmetrized tensor is given
by
I(l)µ1,...,µM (p,m1,m2, n1 . . . nj) = S I˜
(l)
µ1,...,µM
(p,m1,m2, n1 . . . nj) , (4.3)
where S is the symmetrization operator given in Eq. (2.19). The result of the original integral
(4.1) may then be obtained again by applying the projection operator [1]
Πµ1...µN = F (N)
[N/2]+1∑
i=1
C(i, N)
[N/2]−i+1∏
l=1
gµ2l−1µ2l
p2
 N∏
k=2[N/2]−2i+3
pµk
p2
 . (4.4)
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The pre-factors F (N) and the combinatorial factors C(i, N) for odd values of N are given by
Codd(k,N) = (−1)N/2+k+1/2 2
2k−N/2−3/2Γ(N + 1)Γ(D/2 +N/2 + k − 3/2)
Γ(N/2− k + 3/2)Γ(2k)Γ(D/2 +N/2− 1/2) , (4.5)
F odd(N) =
23/2−N/2Γ(D/2 + 1/2)
(D − 1)Γ(N/2 +D/2− 1) , (4.6)
and read
Ceven(k,N) = (−1)N/2+k+1 2
2k−N/2−2Γ(N + 1)Γ(D/2 +N/2− 2 + k)
Γ(N/2− k + 2)Γ(2k − 1)Γ(D/2 +N/2− 1) , (4.7)
F even(N) =
21−N/2Γ(D/2 + 1/2)
(D − 1)Γ(N/2 +D/2− 1/2) , (4.8)
for even values of N . The pre-factors F odd(N), F even(N) are chosen such that the projector (4.4)
is normalized
Πµ1...µNp
µ1 . . . pµN = 1 . (4.9)
The integrals with a local operator insertion for fixed values of N are thus represented in terms of
tadpole diagrams with a modified numerator structure. The projection operators (4.4) become
sizeable for large values of N , which leads to an exponential increase in the computation time.
In the calculation, the projected Feynman integrals are first expanded in the mass ratio η by
an expansion in subgraphs [80–83] using the codes Q2e/Exp [73,74], which also rely on MATAD to
evaluate the single-mass tadpole diagrams, using Form and TForm [84].
The pole structure of the unrenormalized OMEs corresponds to the one which was deduced
from the renormalization prescription given in Section 3. As a by-product of the present calcu-
lation, also the terms in these 3–loop anomalous dimensions for the moments N = 2, 4, 6, ∝ TF
are obtained, cf. [85], here in a two–mass calculation.
The moments of the OMEs calculated in the following depend on the logarithms
L1 = ln
(
m21
µ2
)
, L2 = ln
(
m22
µ2
)
, Lη = ln (η) ≡ ln
(
m22
m21
)
, η < 1. (4.10)
We expand up to remaining terms of
O(|η4L3η|) ' 0.15%. (4.11)
The pole terms in the dimensional parameter ε do not contain any power corrections in η.
In the following, we present the moments N = 2, 4 and 6 for the two–flavor contributions to
the constant parts of the various operator matrix elements as defined in Eq. (3.1).11
The flavor non-singlet contribution two-mass contribution is obtained by
a˜
NS,(3)
qq,Q (N = 2) = CFT
2
F
{(
−1024
8505
L2η −
190500608
843908625
− 747008
2679075
Lη
)
η3
+
(
−7176352
1157625
− 64
105
L2η −
33856
11025
Lη
)
η2 +
(
−12032
675
− 512
45
Lη
)
η
11We have presented a few of these results before in [31,32].
34
+(
−1024
81
− 128
9
(L2 + L1)
)
ζ2 − 153856
2187
+
512
81
ζ3 − 14080
243
L1 − 2048
81
L2
−1024
81
L2L1 − 256
27
L1L
2
2 −
512
81
L32 −
1024
81
(
L22 + L
2
1
)− 640
81
L31 −
128
27
L21L2
}
+O(η4L3η) , (4.12)
a˜
NS,(3)
qq,Q (N = 4) = CFT
2
F
{(
−10048
42525
L2η −
1869287216
4219543125
− 7330016
13395375
Lη
)
η3
+
(
−70417954
5788125
− 628
525
L2η −
332212
55125
Lη
)
η2 +
(
−118064
3375
− 5024
225
Lη
)
η
+
(
−53084
2025
− 1256
45
(L2 + L1)
)
ζ2 − 388370299
2733750
+
5024
405
ζ3 − 3509323
30375
L1
−520841
10125
L2 − 53084
2025
L2L1 − 2512
135
L1L
2
2 −
5024
405
L32 −
53084
2025
(
L22 + L
2
1
)
−1256
81
L31 −
1256
135
L21L2
}
+O
(
η4L3η
)
, (4.13)
a˜
NS,(3)
qq,Q (N = 6) = CFT
2
F
{(
− 90752
297675
L2η −
16883116384
29536801875
− 66203584
93767625
Lη
)
η3
+
(
−636004196
40516875
− 5672
3675
L2η −
3000488
385875
Lη
)
η2 +
(
−1066336
23625
− 45376
1575
Lη
)
η
+
(
−3424952
99225
− 11344
315
(L2 + L1)
)
ζ2 − 202733427313
1093955625
+
45376
2835
ζ3
−520819486
3472875
L1 − 700881658
10418625
L2 − 3424952
99225
L2L1 − 22688
945
L1L
2
2
−45376
2835
L32 −
3424952
99225
(
L22 + L
2
1
)− 11344
567
L31 −
11344
945
L21L2
}
+O
(
η4L3η
)
. (4.14)
The constant two-mass contribution to the OME A
PS,(3)
Qq is given by
a˜
PS,(3)
Qq (N = 2) = CFT
2
F
{(
−381001216
843908625
− 1494016
2679075
Lη − 2048
8505
L2η
)
η3 +
(
−14352704
1157625
−128
105
L2η −
67712
11025
Lη
)
η2 +
(
−24064
675
− 1024
45
Lη
)
η +
(
−1472
81
−256
9
(L2 + L1)
)
ζ2 − 1280
81
L31 −
256
27
L21L2 +
1024
81
ζ3 − 26720
243
L1 − 3616
81
L2
−1472
81
L2L1 − 512
27
L1L
2
2 −
266528
2187
− 1024
81
L32 −
1472
81
(
L22 + L
2
1
)}
+O
(
η4L3η
)
, (4.15)
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a˜
PS,(3)
Qq (N = 4) = CFT
2
F
{(
190292193776
1123242379875
+
8509216
324168075
Lη − 1472
93555
L2η
)
η3 +
(
−71844302
31255875
− 76
315
L2η −
89252
99225
Lη
)
η2 +
(
−5008
945
− 32
9
Lη
)
η +
(
−2236
2025
− 968
225
(
L2
+L1
))
ζ2 − 968
405
L31 −
968
675
L21L2 +
3872
2025
ζ3 − 2406319
151875
L1 − 297941
50625
L2
−2236
2025
L2L1 − 1936
675
L1L
2
2 −
195482623
13668750
− 3872
2025
L32 −
2236
2025
(
L22 + L
2
1
)}
+O
(
η4L3η
)
, (4.16)
a˜
PS,(3)
Qq (N = 6) = CFT
2
F
{(
19353315711436064
86371722800488125
+
112677158848
1917454163625
Lη +
385408
42567525
L2η
)
η3
+
(
−5015464079432
4368164810625
− 45616
363825
L2η −
432844912
1260653625
Lη
)
η2 +
(
−2455328
1157625
−1984
1323
Lη
)
η + (−15184
99225
− 3872
2205
(L2 + L1))ζ2 − 3872
3969
L31 −
3872
6615
L21L2
+
15488
19845
ζ3 − 52387796
8103375
L1 − 172633556
72930375
L2 − 15184
99225
L2L1 − 7744
6615
L1L
2
2
−7819198418
1531537875
− 15488
19845
L32 −
15184
99225
(
L22 + L
2
1
)}
+O
(
η4L3η
)
. (4.17)
For a˜
(3)
Qg one obtains
a˜
(3)
Qg(N = 2) = CAT
2
F
{(
56086736
843908625
− 164464
2679075
Lη − 2552
8505
L2η
)
η3 +
(
6008
4725
Lη +
1565036
496125
− 8
45
L2η
)
η2 +
(
256304
10125
+
7184
675
Lη − 8
45
L2η
)
η +
(
−74
81
+
140
9
(L2 + L1)
)
ζ2
−5
3
L2 +
772
81
L31 −
848
81
ζ3 +
9355
243
L1 +
280
27
L1L
2
2 −
35
81
(
L22 + L
2
1
)
+
104
27
L21L2
−152
81
L2L1 +
596
81
L32 +
78229
2187
}
+CFT
2
F
{(
826805984
843908625
+
5893184
2679075
Lη +
23872
8505
L2η
)
η3 +
(
1028192
99225
Lη
+
169892864
10418625
+
4768
945
L2η
)
η2 +
(
−758944
30375
+
22976
2025
Lη +
448
135
L2η
)
η
+
(
320
27
− 64
9
(L2 + L1)
)
ζ2 +
6752
243
L2 − 704
81
L31 +
1792
81
ζ3 +
128
81
L1 − 128
27
L1L
2
2
+
968
81
(
L22 + L
2
1
)
+
128
27
L21L2 +
944
81
L2L1 − 448
81
L32 +
64
243
}
+O
(
η4L3η
)
, (4.18)
36
a˜
(3)
Qg(N = 4) = CAT
2
F
{(
250077164867
11232423798750
− 156082853
3241680750
Lη − 744283
1871100
L2η
)
η3
+
(
1634774
1488375
Lη +
1255194149
468838125
− 142
525
L2η
)
η2 +
(
496855133
14883750
+
1877399
141750
Lη
+
707
2700
L2η
)
η +
(
5807
360
+
17963
900
(L2 + L1)
)
ζ2 +
47956573
1620000
L2 +
3817
324
L31
−23573
2025
ζ3 +
384762007
4860000
L1 +
17963
1350
L1L
2
2 +
532373
32400
(
L22 + L
2
1
)
+
7579
1350
L21L2
+
62893
4050
L2L1 +
74657
8100
L32 +
4887988511
48600000
}
+CFT
2
F
{(
23024568781
44929695195
+
285046646
324168075
Lη +
879808
467775
L2η
)
η3 +
(
2876423
595350
Lη
+
582667691
75014100
+
27101
9450
L2η
)
η2 +
(
−59657237
4134375
+
184214
39375
Lη +
2228
1125
L2η
)
η
+
(
1473641
405000
− 18601
4500
(L2 + L1)
)
ζ2 +
76621423
8100000
L2 − 204611
40500
L31 +
130207
10125
ζ3
−37307959
4860000
L1 − 18601
6750
L1L
2
2 +
530371
162000
(
L22 + L
2
1
)
+
18601
6750
L21L2 +
442267
101250
L2L1
−130207
40500
L32 −
33406758667
2187000000
}
+O
(
η4L3η
)
, (4.19)
a˜
(3)
Qg(N = 6) = CAT
2
F
{(
− 84840004938801319
1381947564807810000
− 2287164970759
15339633309000
Lη − 31340489
68108040
L2η
)
η3
+
(
105157957
360186750
Lη +
755537213056
624023544375
− 49373
103950
L2η
)
η2 +
(
832369820129
29172150000
+
1406143531
138915000
Lη +
112669
1323000
L2η
)
η +
(
1316809
79380
+
39248
2205
(L2 + L1)
)
ζ2
+
11771644229
388962000
L2 +
206404
19845
L31 −
197648
19845
ζ3 +
83755534727
1166886000
L1 +
78496
6615
L1L
2
2
+
2668087
158760
(
L22 + L
2
1
)
+
34166
6615
L21L2 +
64117
3969
L2L1 +
162074
19845
L32
+
69882273800453
735138180000
}
+CFT
2
F
{(
990283034941336
2467763508585375
+
1255768040
2191376187
Lη +
63929464
42567525
L2η
)
η3
+
(
11478584
3361743
Lη +
524351089261
97070329125
+
88972
40425
L2η
)
η2 +
(
−32427817736
2552563125
+
64271512
24310125
Lη +
376216
231525
L2η
)
η +
(
4784009
4862025
− 55924
15435
(L2 + L1)
)
ζ2
37
+
1786067629
408410100
L2 − 615164
138915
L31 +
223696
19845
ζ3 − 24797875607
2042050500
L1 − 111848
46305
L1L
2
2
+
3232799
9724050
(
L22 + L
2
1
)
+
111848
46305
L21L2 +
11119228
4862025
L2L1 − 55924
19845
L32
−3161811182177
142943535000
}
+O
(
η4L3η
)
. (4.20)
Finally, the gluonic contributions to the OMEs A
(3)
gq,Q and A
(3)
gg,Q are given by
a˜
(3)
gq,Q(N = 2) = CFT
2
F
{(
190500608
281302875
+
747008
893025
Lη +
1024
2835
L2η
)
η3 +
(
7176352
385875
+
64
35
L2η
+
33856
3675
Lη
)
η2 +
(
12032
225
+
512
15
Lη
)
η +
(
832
27
+
128
3
(L2 + L1)
)
ζ2
+
128
9
L21L2 −
512
27
ζ3 +
13600
81
L1 +
1888
27
L2 +
832
27
L2L1 +
256
9
L1L
2
2
+
512
27
L32 +
832
27
(
L22 + L
2
1
)
+
640
27
L31 +
140128
729
}
+O
(
η4L3η
)
, (4.21)
a˜
(3)
gq,Q(N = 4) = CFT
2
F
{(
261938336
1406514375
+
1027136
4465125
Lη +
1408
14175
L2η
)
η3 +
(
9867484
1929375
+
88
175
L2η +
46552
18375
Lη
)
η2 +
(
16544
1125
+
704
75
Lη
)
η +
(
2504
675
+
176
15
(L2 + L1)
)
ζ2 +
176
45
L21L2 −
704
135
ζ3 +
436138
10125
L1 +
54446
3375
L2
+
2504
675
L2L1 +
352
45
L1L
2
2 +
704
135
L32 +
2504
675
(
L22 + L
2
1
)
+
176
27
L31 +
18480197
455625
}
+O
(
η4L3η
)
, (4.22)
a˜
(3)
gq,Q(N = 6) = CFT
2
F
{(
1047753344
9845600625
+
4108544
31255875
Lη +
5632
99225
L2η
)
η3 +
(
39469936
13505625
+
352
1225
L2η
+
186208
128625
Lη
)
η2 +
(
66176
7875
+
2816
525
Lη
)
η +
(
17632
33075
+
704
105
(L2 + L1)
)
ζ2
+
704
315
L21L2 −
2816
945
ζ3 +
28089976
1157625
L1 +
30801128
3472875
L2 +
17632
33075
L2L1
+
1408
315
L1L
2
2 +
2816
945
L32 +
17632
33075
(
L22 + L
2
1
)
+
704
189
L31 +
779635012
40516875
}
+O
(
η4L3η
)
, (4.23)
and
a˜
(3)
gg,Q(N = 2) = CAT
2
F
{(
19188592
120558375
+
153892
382725
Lη +
686
1215
L2η
)
η3 +
(
53824
33075
Lη +
8433658
3472875
+
296
315
L2η
)
η2 +
(
−153872
10125
− 1412
675
Lη +
14
45
L2η
)
η +
(
−556
81
38
−140
9
(L2 + L1)
)
ζ2 − 214
27
L2 − 628
81
L31 +
272
81
ζ3 − 6682
243
L1 − 280
27
L1L
2
2
−550
81
(
L22 + L
2
1
)− 176
27
L21L2 −
568
81
L2L1 − 524
81
L32 −
71578
2187
}
+CFT
2
F
{(
−637103552
843908625
− 4823552
2679075
Lη − 20416
8505
L2η
)
η3 +
(
−752576
99225
Lη
−116240192
10418625
− 3904
945
L2η
)
η2 +
(
702784
30375
− 14336
2025
Lη − 448
135
L2η
)
η +
(
−32
27
+
64
9
(L2 + L1)
)
ζ2 − 5024
243
L2 +
704
81
L31 −
1792
81
ζ3 +
736
81
L1 +
128
27
L1L
2
2
+
112
81
(
L22 + L
2
1
)− 128
27
L21L2 −
512
81
L2L1 +
448
81
L32 +
4448
243
}
+O
(
η4L3η
)
,
(4.24)
a˜
(3)
gg,Q(N = 4) = CAT
2
F
{(
− 311441927
1687817250
− 1293167
5358150
Lη +
1681
34020
L2η
)
η3 +
(
−205123
99225
Lη
−36414571
10418625
− 61
189
L2η
)
η2 +
(
−19131223
303750
− 524233
20250
Lη − 6943
2700
L2η
)
η
+
(
−28979
675
− 1558
45
(L2 + L1)
)
ζ2 − 1057309
13500
L2 − 1546
81
L31 +
5992
405
ζ3
−19874881
121500
L1 − 3116
135
L1L
2
2 −
173999
4050
(
L22 + L
2
1
)− 1588
135
L21L2 −
86812
2025
L2L1
−6202
405
L32 −
781640551
3645000
}
+CFT
2
F
{(
− 22991704
602791875
+
64016
1913625
Lη − 2624
6075
L2η
)
η3 +
(
− 988
7875
Lη
− 507478
2480625
− 4
9
L2η
)
η2 +
(
1088008
253125
+
5456
5625
Lη − 416
1125
L2η
)
η
+
(
14263
10125
+
242
225
(L2 + L1)
)
ζ2 − 173327
202500
L2 +
2662
2025
L31 −
6776
2025
ζ3 +
3676019
607500
L1
+
484
675
L1L
2
2 +
31969
20250
(
L22 + L
2
1
)− 484
675
L21L2 +
2164
2025
L2L1 +
1694
2025
L32
+
314275147
54675000
}
+O
(
η4L3η
)
, (4.25)
a˜
(3)
gg,Q(N = 6) = CAT
2
F
{(
− 843352247
4219543125
− 4137452
13395375
Lη +
6431
42525
L2η
)
η3 +
(
−178615462
52093125
−1086976
496125
Lη − 424
1575
L2η
)
η2 +
(
−435055073
5315625
− 11624708
354375
Lη − 11717
3375
L2η
)
η
39
+(
−5429062
99225
− 13684
315
(L2 + L1)
)
ζ2 − 2106313681
20837250
L2 − 68252
2835
L31 +
54064
2835
ζ3
−1459416547
6945750
L1 − 27368
945
L1L
2
2 −
54652
2835
L32 −
13768
945
L21L2 −
1808152
33075
L2L1
−3604631677201
13127467500
− 120697
2205
(
L22 + L
2
1
)}
+CFT
2
F
{(
− 91864096
5907360375
+
979936
3750705
Lη − 130048
297675
L2η
)
η3 +
(
− 41008
2701125
+
10816
46305
Lη − 384
1225
L2η
)
η2 +
(
2133088
826875
+
3616
3375
Lη − 1216
11025
L2η
)
η
+
(
197492
231525
+
968
2205
(L2 + L1)
)
ζ2 +
413083
24310125
L2 +
10648
19845
L31 −
3872
2835
ζ3
+
281801489
72930375
L1 +
1936
6615
L1L
2
2 +
968
2835
L32 −
1936
6615
L21L2 +
81176
99225
L2L1
+
14596284331
5105126250
+
604598
694575
(
L22 + L
2
1
)}
+O
(
η4L3η
)
. (4.26)
In Table 1 we illustrate the ratio of the constant parts of the unrenormalized 3-loop two-
mass OMEs a˜
(3)
Qq(Qg,gg)/a˜
NS,(3)
qq,Q for the fixed moments N = 2, 4, 6 as a function of the virtuality
µ2 = 20, 100, 500 and 1000 GeV2 referring to η = m2c/m
2
b and the values in Eqs. (2.1, 2.2) for the
heavy quark masses. In Section 5 we calculate a˜
NS,(3)
qq,Q and a˜
(3)
gq for general values of N . Therefore,
these ratios can be used as a first estimate for these OMEs in case the two-mass contribution is
only known for some moments.
The ratio a˜
PS,(3)
Qq /a˜
NS,(3)
qq,Q is widely constant over the range µ
2 = 20...1000 GeV2 and becomes
smaller for larger moments. In the case of a˜
(3)
Qg(gg,Q)/a˜
NS,(3)
qq,Q at low scales µ
2 ≈ 20 GeV2 larger
ratios are obtained. They flatten out with values of µ2 = 100 GeV2 and larger. Again, the ratios
become smaller for larger values of N . This also applies to the ratio a˜
(3)
gq,Q/a˜
NS,(3)
qq,Q , starting from
µ2 = 100 GeV2, with somewhat larger values at µ2 = 20 GeV2.
In order to obtain the results shown above, we have expanded the constant parts of the
3-loop unrenormalized OMEs for fixed even integer values of N . This is a valid representation
for some but not for all of the OMEs also at general values of N , as is shown in Sections 5
and 6. In case the expansion in η exists, one might try to reconstruct the η-expanded solution
from the moments using guessing methods [86], which have been successfully applied in other
cases [28, 87]. However, many more moments are needed in this case. They cannot be provided
using Q2e/Exp [73, 74], and usually require at least the analytic solution of part of the integrals
and possibly generating function methods [28,88].12
12Recently, a method has been found [89] to generate large number of Mellin moments turning the integration-
by-parts relations for the corresponding problem into difference equations. In this way it is possible to obtain
O(8000) moments in a massive 3-loop problem. The corresponding file amounts to more than 1 Gbyte.
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a˜
PS,(3)
Qq /a˜
NS,(3)
qq,Q
µ2/GeV2 N = 2 N = 4 N = 6
20 2.195 0.197 0.066
100 2.110 0.178 0.058
500 2.075 0.170 0.055
1000 2.066 0.168 0.055
a˜
(3)
Qg/a˜
NS,(3)
qq,Q
µ2/GeV2 N = 2 N = 4 N = 6
20 -48.563 -5.835 -3.126
100 -2.351 -1.395 -0.935
500 -2.254 -1.427 -0.967
1000 -2.225 -1.433 -0.974
a˜
(3)
gg,Q/a˜
NS,(3)
qq,Q
µ2/GeV2 N = 2 N = 4 N = 6
20 58.777 29.890 19.795
100 1.989 2.299 2.276
500 2.005 2.467 2.433
1000 2.012 2.505 2.467
a˜
(3)
gq,Q/a˜
NS,(3)
qq,Q
µ2/GeV2 N = 2 N = 4 N = 6
20 -3.195 -0.526 -0.254
100 -3.110 -0.479 -0.223
500 -3.075 -0.460 -0.211
1000 -3.066 -0.456 -0.208
Table 1: Ratios of the fixed moments for a˜
(3)
Qg, a˜
(3)
gg,Q and a˜
(3)
gq,Q to a˜
NS(3)
qq,Q as a function of Q
2 and N .
5 The Non–Singlet and gq-Contributions at general Val-
ues of N
All non–singlet diagrams at 3–loop order contain two massive fermion bubbles. One of these may
be rendered effectively massless by using the Mellin–Barnes representation [90–94], see Figure 1.
This yields similar integrals as in the case with one massive and one massless fermionic line [19].
One may now introduce a Feynman parameter representation, integrate the momenta and
perform the Feynman parameter integrals in terms of Euler Beta–functions
B(a, b) =
∫ 1
0
dxxa−1(1− x)b−1 = Γ(a)Γ(b)
Γ(a+ b)
. (5.1)
=ˆ asTF
4
pi
(4pi)−ε/2
(
kµkν − k2gµν
)
×
∫ +i∞
−i∞
dσ
(
m2
µ2
)σ (−k2)ε/2−σ Γ(σ − ε/2)Γ2(2− σ + ε/2)Γ(−σ)
Γ(4− 2σ + ε)
Figure 1: One of the massive fermion loop insertion is effectively rendered massless via a Mellin–
Barnes representation.
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The remaining contour integral is then of the general form
I ∝ Γ
[
f1(ε,N), . . . , fi(ε,N)
fi+1(ε,N), . . . , fI(ε,N)
] ∫ +i∞
−i∞
dξ Γ
[
g1(ε) + ξ, g2(ε) + ξ, g3(ε) + ξ, g4(ε)− ξ, g5(ε)− ξ
g6(ε) + ξ, g7(ε)− ξ
]
ηξ ,
(5.2)
where the fj and the gj are linear functions. Furthermore, the notation
Γ
[
a1, . . . , ai
b1, . . . , bj
]
=
Γ(a1) · · ·Γ(ai)
Γ(b1) · · ·Γ(bj) (5.3)
is applied. After closing the contour in (5.2) and collecting the residues a linear combination of
generalized hypergeometric 4F3–functions [95] is obtained
I =
∑
j
Cj (ε,N) 4F3
[
a1(ε), a2(ε), a3(ε), a4(ε)
b1(ε), b2(ε), b3(ε)
, η
]
. (5.4)
For the flavor non-singlet (NS) contributions, and for A
(3)
gq , the arguments of the hypergeometric
PFQ-function are completely independent of the Mellin variable N , and each term factorizes into
contributions that describe the operator insertions and the generalized hypergeometric functions
covering the mass structure of the diagrams. Due to the fact that the parameters of the hyper-
geometric functions depend on the dimensional regularization parameter ε only, their respective
expansion may be performed with the code HypExp 2 [96]. The results of these expansions are
then given in terms of the following (poly)logarithmic functions [43,97–99],{
ln(η), ln
(
1− η1
1 + η1
)
, Li2 (η1) , Li2 (η) , Li3 (η1)
}
. (5.5)
The pre-factor Cj (ε,N) may contain a sum stemming from the operator insertion on the vertex,
see Section 8.1 [1]. This sum is easily evaluated in terms of single harmonic sums using the sum-
mation package Sigma [100,101] Applying these methods we calculate the two-mass contributions
in the flavor non-singlet cases and for the OME A
(3)
gq .
In the following, we denote by ˜˜aij the remainder constant part of the genuine two-mass term
of the unrenormalized matrix element, omitting the terms coming from the expansion of the
factor (m1m2/µ
2)3ε/2 in the OMEs for brevity, cf. (3.1), i.e. the terms ∝ L1, L2, which are given
in the remainder part of the OMEs A˜ij instead together with other the terms of this kind. The
expressions for ˜˜aij depend on η and are symmetric under the interchange
η ↔ 1
η
. (5.6)
Also the OMEs A˜ij are symmetric in interchanging m1 ↔ m2. One may furthermore check,
calculating ˜˜aij(N) for N = 2, 4, 6 and expanding in η = m
/
cm2b < 1 up to O(η
3) that the values
for the fixed moments in the corresponding parts of a˜ij(N) are obtained. The latter ones do not
obey the symmetry interchanging the masses anymore, since we have chosen to expand for η < 1.
To obtain the representations in Section 4 Lη is given by − ln(η) expanding the expressions in
the remainder part of this section or the z-space expressions given in Appendix A. Since the
present expressions obey the symmetry (5.6) a choice has to be made.
For the single mass contributions the different OMEs receive a 3-loop correction changing
from the on shell mass m to the MS mass expanding the OME in aMSs . For the two-mass
contributions at 3-loop order this is not the case for A
(3),NS
qq,Q , A
(3),NS,TR
qq,Q , A
(3),PS
Qq and A
(3)
qg,Q. Terms
of this kind appear in case of the genuine two-mass contributions to A
(3)
Qg and A
(3)
gg,Q (see also
Eqs. (3.117, 3.118, 3.135, 3.136). They are not dealt with in the present paper.
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5.1 The flavor non-singlet contribution
The general pole structure for the unrenormalized two-mass contribution to the OME ANSqq,Q is
given in Eq. (3.103). The only contribution which is not determined by the renormalization
prescription is the constant part, for which we obtain
a˜
(3),NS
qq,Q = CFT
2
F
{(
4
9
S1 − 3N
2 + 3N + 2
9N(N + 1)
)[
−24(L31 + L32 + (L1L2 + 2ζ2 + 5) (L1 + L2) )
+
η + 1
η3/2
(
5η2 + 22η + 5
)(−1
4
ln2(η) ln
(
1 + η1
1− η1
)
+ 2 ln(η)Li2 (η1)− 4Li3 (η1)
)
+
(η1 + 1)
2
2η3/2
(−10η3/2 + 5η2 + 42η − 10η1 + 5) [Li3 (η)− ln(η)Li2 (η) ]+ 64
3
ζ3
+
8
3
ln3(η)− 16 ln2(η) ln(1− η) + 10η
2 − 1
η
ln(η)
]
+
16 (405η2 − 3238η + 405)
729η
S1
+
4
3
(
3N4 + 6N3 + 47N2 + 20N − 12
3N2(N + 1)2
− 40
3
S1 + 8S2
)[
4
3
ζ2 + (L1 + L2)
2
]
+
8
9
(
130N4 + 84N3 − 62N2 − 16N + 24
3N3(N + 1)3
− 52
3
S1 +
80
3
S2 − 16S3
)
(L1 + L2)
+
[
− R1
18N2(N + 1)2η
+
2 (5η2 + 2η + 5)
9η
S1 +
32
9
S2
]
ln2(η)− 4R2
729N4(N + 1)4η
+
3712
81
S2 − 1280
81
S3 +
256
27
S4
}
. (5.7)
Here S~a ≡ S~a(N) denote the (nested) harmonic sums [102]
Sb,~a(N) =
N∑
k=1
(sign(b))k
k|b|
S~a(k), S∅ = 1, b, ai ∈ Z\{0} . (5.8)
The polynomials Ri read
R1 = 15η
2N4 + 78ηN4 + 15N4 + 30η2N3 + 156ηN3 + 30N3 + 25η2N2 + 18ηN2 + 25N2
+10η2N + 4ηN + 10N + 32η , (5.9)
R2 = 1215η
2N8 − 1596ηN8 + 1215N8 + 4860η2N7 − 6384ηN7 + 4860N7 + 8100η2N6
−25844ηN6 + 8100N6 + 7290η2N5 − 39348ηN5 + 7290N5 + 3645η2N4 − 20304ηN4
+3645N4 + 810η2N3 − 140ηN3 + 810N3 + 432ηN2 + 288ηN + 864η . (5.10)
The two-mass part of the renormalized OME A
(3),NS
qq,Q is given by
A˜
(3),NS
qq,Q = CFT
2
F
{
− 4R3
243N4(N + 1)4
+
[
− 8R4
81N3(N + 1)3
+
(
−16
(
3N2 + 3N + 2
)
3N(N + 1)
+
64
3
S1
)
ζ2 +
3584
81
S1 − 640
27
S2 +
128
9
S3
]
(L1 + L2) +
[
640
27
S1 − 128
9
S2
−16 (3N
4 + 6N3 + 47N2 + 20N − 12)
27N2(N + 1)2
] (
L21 + L
2
2 + ζ2
)
43
+[
−16
(
3N2 + 3N + 2
)
9N(N + 1)
+
64
9
S1
](
4
3
L31 + L
2
1L2 + L
2
2L1 +
4
3
L32 +
4
3
ζ3
)
+
20992
243
S1 − 3584
81
S2 +
640
27
S3 − 128
9
S4
}
+ a˜
(3),NS
qq,Q . (5.11)
with
R3 = 1551N
8 + 6204N7 + 15338N6 + 17868N5 + 8319N4 + 944N3
+528N2 − 144N − 432 , (5.12)
R4 = 219N
6 + 657N5 + 1193N4 + 763N3 − 40N2 − 48N + 72 . (5.13)
Both the constant part of the unrenormalized two-mass OME (5.7) and the OME (5.11) vanish
for N = 1 due to fermion number conservation for any value of the heavy quark masses. In the
Appendix we present the the corresponding z-space expressions for Eqs. (5.7) and (5.11). The
analytic continuation of the N -space result may also be obtained by expressing the contributing
sums in the asymptotic region |N | → ∞ and using their recurrence relations, cf. [103]. One may
derive semi-numeric representations, cf. [104]. The inversion to z-space is then done by a contour
integral around the singularities of the problem.
0.001 0.01 0.1 1 x
-0.6
-0.4
-0.2
0.0
0.2
0.4
Aqq,QNS,H3L,2-mass Aqq,QNS,TF2 H3L
Figure 2: The ratio of the genuine 2-mass contributions to A(3),NSqq,Q to the complete T
2
F -part of massive
3-loop OME A
(3),NS
qq,Q as a function of x and Q
2, for mc = 1.59 GeV,mb = 4.78 GeV in the on-shell scheme.
Dash-dotted line: µ2 = 30 GeV2; Dotted line: µ2 = 50 GeV2; Dashed line: µ2 = 100 GeV2; Full line:
µ2 = 1000 GeV2. The single mass contributions are given in Ref. [21].
In Figure 2 we show the ratio of the genuine 3-loop 2-mass contributions to A
(3),NS
qq,Q to the
complete T 2F -contribution for both masses for a range in x at typical values of Q
2. The impact
of the 2-mass contribution grows with Q2. At lower values of Q2 it takes negative values in
the large x region and at higher values of Q2 it behaves almost flat. Here we illustrate the
contribution to the OMEs only. The contributions to the deep-inelastic structure functions will
be given elsewhere.
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5.2 The transversity contribution
The pole structure of the unrenormalized transversity OME corresponds to the one in Eq. (3.103)
after substituting the anomalous dimensions γNSqq → γNS,transqq . The constant contribution is given
by !!
a˜
(3),NS,TR
qq,Q = CFT
2
F
{
(4S1 − 3)
[
−8
3
(
L31 + L
3
2 +
(
L1L2 + 2ζ2 +
58
9
)
(L1 + L2)
)
+
(η1 + 1)
2
18η3/2
(
5η2 − 10η3/2 + 42η − 10η1 + 5
) [
Li3(η)− ln(η)Li2(η)
]
+
η + 1
9η3/2
(
5η2 + 22η + 5
)(1
4
ln2(η) ln
(
1− η1
1 + η1
)
+ 2 ln(η)Li2 (η1)
−4Li3 (η1)
)
+
8
27
ln3(η)− 16
9
ln2(η) ln(1− η) + 10η
2 − 1
9η
ln(η)
]
+
32
9
(
3S2 − 5S1 + 3
8
)
(L1 + L2)
2 − 64
9
ζ3 +
16
9
ζ2 +
128
9
(
ζ2 +
29
9
)
S2
−1280
81
S3 +
256
27
S4 + 8
[
−13N
2 + 13N − 8
9N(N + 1)
+
80
27
S2 − 16
9
S3
]
(L1 + L2)
+
16
27
(
405η2 − 3238η + 405
27η
+ 16ζ3 − 40ζ2
)
S1 − 4R5
243N2(N + 1)2η
+
[
−(η + 5)(5η + 1)
6η
+
2 (5η2 + 2η + 5)
9η
S1 +
32
9
S2
]
ln2(η)
}
, (5.14)
with
R5 = 405η
2N4 − 532ηN4 + 405N4 + 810η2N3 − 1064ηN3 + 810N3 + 405η2N2N (5.15)
−1012ηN2 + 405N2 + 96ηN + 288η . (5.16)
The two-mass part of the renormalized OME A
(3),NS,TR
qq,Q reads
A˜
(3),NS,TR
qq,Q = CFT
2
F
{
− 4R7
81N2(N + 1)2
+
[
− 8R6
27N(N + 1)
+
3584
81
S1 − 640
27
S2
+
128
9
S3 +
(
−16 + 64
3
S1
)
ζ2
]
(L1 + L2) +
20992
243
S1 − 3584
81
S2 +
640
27
S3
−128
9
S4 +
[
−16
3
+
64
9
S1
](
4
3
L31 + L
2
1L2 + L
2
2L1 +
4
3
L32 +
4
3
ζ3
)
+
[
−16
9
+
640
27
S1 − 128
9
S2
] (
L21 + L
2
2 + ζ2
)}
+ a˜
(3),NS,TR
qq,Q (5.17)
with
R6 = 73N
2 + 73N + 24 , (5.18)
R7 = 517N
4 + 1034N3 + 757N2 − 48N − 144 . (5.19)
The corresponding expressions for (5.7,5.11, 5.14, 5.17) in z-space are given in Appendix A.
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As before in the equal mass case [21] and for the O(NFT
2
F ) contributions [19], we obtain the
O(T 2FCA,F ) terms of the 3-loop flavor non-singlet contributions to the anomalous dimensions in
the vector and transversity case from the single pole terms of the unrenormalized non-singlet
OMEs, confirming once again the result in [15], see also [105].
10-4 0.001 0.01 0.1 1 x
-0.5
0.0
0.5
1.0
1.5
2.0
Aqq,QNS,H3L,TR 2-mass Aqq,QNS,H3L,TR,TF2
Figure 3: The ratio of the genuine 2-mass contributions to A(3),NS,TRqq,Q to the complete T
2
F -part of the
massive 3-loop corrections to A
(3),NS,TR
qq,Q as a function of x and Q
2, for mc = 1.59 GeV,mb = 4.78 GeV
in the on-shell scheme. Dash-dotted line: µ2 = 30 GeV2; Dotted line: µ2 = 50 GeV2; Dashed line:
µ2 = 100 GeV2; Full line: µ2 = 1000 GeV2. The single mass contributions are given in Ref. [21].
In Figure 3 we show the ratio of the genuine 2-mass contributions to the complete T 2F 3-loop
term for transversity as a function of x and Q2. The spikes are due to a zero in the denominator
of this ratio. Except for a small region of x around these spikes, the ratio takes values between
1.5 and -0.6. For Q2 not too low, mostly values between 0 and 0.6 are obtained.
5.3 The gq-contribution
The genuine two-mass contributions to the OME A
(3)
gq,Q can be calculated in a similar way to
A
NS,(3)
qq,Q . One obtains the constant part of the unrenormalized OME
a˜
(3)
gq,Q = CFT
2
F
{
p(0)gq
[
16
(
L31 + L
3
2 +
(
L1L2 + 2ζ2 +
26
3
)
(L1 + L2)
)
− 4
3η3/2
((√
η + 1
)2
R8Li3(−η1)−
(√
η − 1)2R9Li3(η1))− 16
9
ln3(η)
+
(
2
(√
η + 1
)2
3η3/2
R8Li2(−η1)−
2
(√
η − 1)2
3η3/2
R9Li2(η1)− 20
3η
(
η2 − 1)) ln(η)
+
((√
η + 1
)2
6η3/2
R8 ln(1 + η1)−
(√
η − 1)2
6η3/2
R9 ln(1− η1)− 16
3
S1
)
ln2(η)
46
−64
27
S31 −
128
27
S3 − 64
3
(
ζ2 +
1
3
S2
)
S1 − 128
9
ζ3
]
− R10 ln
2(η)
3η(N − 1)N(N + 1)2
+16
[
− 1
(N + 1)2
+ p(0)gq
(
8
3
− S1
)](
(L1 + L2)
2 − 4
3
(L1 + L2)S1
)
+
[
32
3
p(0)gq
(
S2 − S21
)− 64(8N + 5)
9(N + 1)3
]
(L1 + L2)− 64R11S1
27(N − 1)N(N + 1)3
+
64
(
8N3 + 13N2 + 27N + 16
)
27(N − 1)N(N + 1)2
(
S21 + S2 + 3ζ2
)− 8R12
243η(N − 1)N(N + 1)4
}
,
(5.20)
with
p(0)gq =
2 +N +N2
(N − 1)N(N + 1) (5.21)
and the polynomials
R8 = −10η3/2 + 5η2 + 42η − 10√η + 5, (5.22)
R9 = 10η
3/2 + 5η2 + 42η + 10
√
η + 5, (5.23)
R10 = 5η
2N3 + 10η2N2 + 15η2N + 10η2 − 14ηN3 − 12ηN2 − 58ηN − 28η + 5N3
+10N2 + 15N + 10, (5.24)
R11 = 39N
4 + 101N3 + 201N2 + 205N + 78, (5.25)
R12 = 405η
2N5 + 1620η2N4 + 3240η2N3 + 4050η2N2 + 2835η2N + 810η2 − 5326ηN5
−18496ηN4 − 40952ηN3 − 55636ηN2 − 39370ηN − 10652η + 405N5 + 1620N4
+3240N3 + 4050N2 + 2835N + 810 . (5.26)
The two-mass contribution to the OME is then given by
A˜(3)gq = CFT
2
F
{
− 64R13
9(N − 1)N(N + 1)2
(
L21 + L
2
2
)− 64R15
81(N − 1)N(N + 1)4
− 32R13
9(N − 1)N(N + 1)2S
2
1 −
32R13
9(N − 1)N(N + 1)2S2 +
64R14
27(N − 1)N(N + 1)3S1
+ (L1 + L2)
[
− 64R14
27(N − 1)N(N + 1)3 +
64R13
9(N − 1)N(N + 1)2S1
]
+p(0)gq
[
−128
9
(
L31 + L
3
2
)− 32
3
(
L21L2 + L
2
2L1
)
+ (L1 + L2)
[
−32
3
S21 −
32
3
S2 − 32ζ2
]
+
64
3
(
L21 + L
2
2
)
S1 +
[
32
3
S2 +
64
3
ζ2
]
S1 +
32
9
S31 +
64
9
S3 − 128
9
ζ3
]
− 64R13
9(N − 1)N(N + 1)2 ζ2
}
+ a˜
(3)
gq,Q, (5.27)
where
R13 = 8N
3 + 13N2 + 27N + 16 (5.28)
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R14 = 43N
4 + 105N3 + 224N2 + 230N + 86 (5.29)
R15 = 248N
5 + 863N4 + 1927N3 + 2582N2 + 1820N + 496 . (5.30)
The corresponding z-space expressions are given in Appendix A. Also in this case we obtain as
before in Ref. [23] the corresponding contributions to the 3-loop anomalous dimension [16].
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Figure 4: The ratio of the genuine 2-mass contributions to A(3)gq,Q to the complete T
2
F -part of the massive
3-loop OME A
(3)
gq,Q as a function of x and Q
2, for mc = 1.59 GeV,mb = 4.78 GeV in the on-shell scheme.
Dash-dotted line: µ2 = 30 GeV2; Dotted line: µ2 = 50 GeV2; Dashed line: µ2 = 100 GeV2; Full line:
µ2 = 1000 GeV2. The single mass contributions are given in Ref. [23].
In Figure 4 we show the ratio of the genuine 2-mass contribution to the complete T 2F 3-loop
result for A
(3)
gq,Q for typical values of Q
2 and x. The ratio varies between 0 and 0.5. At higher
values of Q2, an almost flat behaviour is observed.
6 Scalar Agg,Q diagrams with m1 6= m2
The factorization into parts depending purely on the Mellin variable N and contributions de-
pending only on the mass ratio η, which has been observed for the non–singlet diagrams, consti-
tutes a very special case. Normally both variables appear in a more intertwined form and more
advanced methods are required to perform the calculation. Since the complexity of the math-
ematical structures contributing to a Feynman diagram depends on the denominator functions
and on the form of the operator insertion, we will first study the scalar topologies contributing
to the OME Agg,Q in this paper. Due to the nesting between the Mellin variable and the mass
ratio, novel η–dependent sums and integrals will emerge. In particular, it turns out that the
expansion in η is not possible in general, unlike the case for fixed integer moments. Therefore,
the integrals have to be calculated for general values of η.
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6.1 The Calculation Strategy
As we expect new functions to appear in the results and since the construction of the inverse
Mellin transforms for these functions turns out to be a non-trivial task, we opt for an approach
where we derive the z-space representation of the respective diagrams first. The N -space repre-
sentation13 is then obtained in a final step by using the generating function method, constructing
a difference equation and solving it using the package Sigma [100,101]. These representations can
be then evaluated at fixed integer moments in N , be expanded in the parameter η and compared
to the fixed moments having been calculated using the code Q2e/Exp [73,74].
First we introduce Feynman parameters and perform the momentum integration for one of
the closed fermion lines. This leads to an effective propagator, the mass of which we can detach
using the Mellin-Barnes representation [90–94]
1
(A+B)λ
=
1
Γ(λ)
1
2pii
∫ +i∞
−i∞
dξ
Bξ
Aλ+ξ
Γ(λ+ ξ)Γ(−ξ) . (6.1)
Then we perform the remaining momentum integrals, which leads to an expression where the
Feynman parameter integrals are now of the generalized hypergeometric type [95] and the ap-
propriate application of techniques used earlier in Refs. [12,19,46] allow to integrate all Feynman
parameter integrals as Beta-functions, of which only one depends on both the Mellin variable N
and the Mellin-Barnes variable ξ and is kept in unintegrated form. We obtain a representation
of the general form
C(N,m1,m2, ε)
1
2pii
∫ +i∞
−i∞
dξ
∫ 1
0
dX ηξXξ+N+αε+β(1−X)−ξ+γε+δ
× Γ
[
a1 + b1ε+ c1ξ, . . . , ai + biε+ ciξ
d1 + e1ε+ f1ξ, . . . , dj + ejε+ fjξ
]
, (6.2)
where ak, dk, β and δ are integers, bk, ek, α and γ are integers or half-integers, ck ∈ {−1, 1}
and fk ∈ {−2,−1, 1, 2}, with
∑i
k=1 ck =
∑j
k=1 fk. The dependence on N of the function
C(N,m1,m2, ε) arises from gamma functions that depend on N (and possibly on ε) but not
on ξ.
Mellin-Barnes integrals of the form
1
2pii
∫ +i∞
−i∞
dξ Zξ Γ
[
a1 + b1ε+ c1ξ, . . . , ai + biε+ ciξ
d1 + e1ε+ f1ξ, . . . , dj + ejε+ fjξ
]
(6.3)
are usually solved by closing the contour either to the left or to the right and by applying
Cauchy’s theorem ∮
C
f(z)dz = 2pii
∑
i
reszif . (6.4)
If we close the integration contour in (6.3) to the left(right) the residue sum only converges for
Z > 1 (Z < 1), respectively. In (6.2) we have
Z =
ηX
1−X , (6.5)
13The steps to compute these Mellin transforms are included in the computer algebra package HarmonicSums
[40,106,107].
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which covers both ranges for possible values of η < 1 and η > 1. In the calculations we applied
the code MB [108]. We follow the method applied in the equal mass case in Ref. [24, 109], split
the integration range and remap the individual parts to the domain [0, 1]:∫ +i∞
−i∞
dξ
∫ 1
0
dXf(ξ,X)
(
ηX
1−X
)ξ
=
∫ +i∞
−i∞
dξ
(∫ 1
1+η
0
dX +
∫ 1
1
1+η
dX
)
f(ξ,X)
(
ηX
1−X
)ξ
=
∫ +i∞
−i∞
dξ
∫ 1
0
dT
[
η
(η + T )2
f
(
ξ,
T
η + T
)
T ξ
+
η
(1 + ηT )2
f
(
ξ,
1
1 + ηT
)
T−ξ
]
. (6.6)
A further advantage of this procedure is that the contour integration decouples the η-dependence
which now only enters through the T -integration.
We follow the well known procedure of deforming the contour integral in order to separate
the ascending from the descending poles 14 applying Cauchy’s theorem. At this point we are left
with only one integral and no overlapping singularities anymore. If necessary, we map T → 1−T
in order to have singularities regulated by ε only at T = 0. They appear as ε-poles after applying
the following integration-by-parts relation:∫ 1
0
dT T−af(T ) =
1
1− aT
−a+1f(T )
∣∣∣∣1
0
− 1
1− a
∫ 1
0
dT T−a+1f ′(T ). (6.7)
We may then perform the Laurent series expansion around ε = 0.
In the next step we rewrite the sums obtained using the package Sigma [100, 101]15. The
sums are then expressed in terms of generalized harmonic sums [39,40] at infinity,
Sb,~a(c, ~d;∞) =
∞∑
k=1
ck
kb
S~a(~d; k), c, di ∈ R\{0}; b, ai ∈ N\{0}, (6.8)
which have to be rewritten in terms of generalized harmonic polylogarithms (GHPLs) [40] at
argument x = 1 using HarmonicSums [40, 106, 107]. These functions are iterated integrals over
the following alphabet : {
dτ
τ
,
dτ
τ + T
,
dτ
1 + Tτ 2
}
. (6.9)
In order to process them, we want the remaining integration variable T to only appear in the
argument of the HPLs. Because of the emergence of letters with non-linear denominators, we
cannot apply the methods used in Ref. [28,88] directly, although extensions of it, as it is described
below, should suffice to transform these HPLs. However, due to the relatively simple structure
of the letters in Eq. (6.9), there is a way based on applying the shuffle relations, cf. [79], and
rescaling the internal integration variables, to rewrite the corresponding iterated integrals in the
desired form.
Instead of computing the remaining integrals, we rather aim at transforming them into a
Mellin transform from which one can then read off the z-space representation. Next, we ab-
sorb rational N -dependent factors into the integral, which appear both in the numerator and
14In some cases an additional regularization parameter was introduced in order to separate overlapping poles.
15Due to the integral transformation (6.6) these infinite sums are independent of the mass ratio η, which renders
them much easier to solve.
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denominator. These factors stem from the integration of the Feynman parameters, and are now
pulled into the T -integration by performing a partial fraction decomposition and then applying
the following partial integration identities repeatedly,
N
∫ 1
0
dxg(x)Nf(x) = g(x)N+1
f(x)
g′(x)
∣∣∣∣1
0
−
∫ 1
0
dx (g(x))N
d
dx
[
f(x)g(x)
g′(x)
]
, (6.10)
1
(N + a)
∫ 1
0
dxg(x)Nf(x) =
1
(N + a)
g(x)N+a
(∫ x
0
dy
f(y)
g(y)a
)∣∣∣∣1
x=0
−
∫ 1
0
dxg(x)N+a−1
dg(x)
dx
(∫ x
0
dy
f(y)
g(y)a
)
. (6.11)
Relation (6.10) has to be especially handled with care, as its application may introduce new
divergences in each term. This issue is solved by regularizing the remaining integral in (6.10) by
a +-type distribution which cancels these additional singularities, as e.g.
N
∫ 1
0
dx xH0 (x)
(
η
η + x2
)N
= lim
ε→0
[
η
2
H0 (x)
∣∣∣1
x=ε
+
∫ 1
ε
dx
(
η + x2
2x
+ xH0 (x)
)(
η
η + x2
)N]
= lim
ε→0
[
η
2
H0 (x)
∣∣∣1
x=ε
+
∫ 1
ε
dx x
(
1
2
+ H0 (x)
)(
η
η + x2
)N
+
η
2
∫ 1
ε
dx
1
x
[(
η
η + x2
)N
− 1
]
+
η
2
H0 (x)
∣∣∣
x=ε
]
=
∫ 1
0
dx x
(
1
2
+ H0 (x)
)(
η
η + x2
)N
+
η
2
∫ 1
0
dx
1
x
[(
η
η + x2
)N
− 1
]
. (6.12)
We now rewrite the remaining integral as the following Mellin transform:
I =
∫ 1
0
dx [g(x, η)]N f(x, η)
=

g(1)∫
g(0)
dXf(g−1(X, η), η)XN
∣∣∣dg−1(X,η)dX ∣∣∣ , for g(x, η) > 0, 0 < x < 1, η > 0
(−1)N
−g(0)∫
−g(1)
dXf(−g−1(X, η), η)XN
∣∣∣dg−1(X,η)dX ∣∣∣ , for g(x, η) < 0, 0 < x < 1, η < 0 .
(6.13)
Note that the function g is monotonous (cf. Eq. (6.6)) and thus the inverse function g−1 exists.
The class of harmonic polylogarithms is not sufficient to perform this step and generalizations
are required to allow for quadratic forms in the denominator. One such generalization is given
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by the cyclotomic harmonic polylogarithms [106]. We use the label {4, i} to denote the following
letter
{4, i} → τ
i dτ
Φ4(τ)
, i ∈ {0, 1} (6.14)
where Φ4(τ) = τ
2 + 1 is the fourth cyclotomic polynomial, and dτ indicates that the iteration
proceeds over τ . For example, H0,{4,1} (x) represents the iterated integral
H0,{4,1} (x) =
∫ x
0
dτ1
τ1
∫ τ1
0
dτ2 τ2
τ 22 + 1
. (6.15)
More generally, we write
{{a, b, c}, i} → τ
i dτ
a+ bτ + cτ 2
, i ∈ {0, 1} (6.16)
In the calculation of some of the diagrams shown in the next subsection, we thus performed
simplifications such as∫ 1
0
dx
xH{{1,0,η},1},{{1,0,η},0},0 (x)
(1 + ηx2)2
(
ηx2
1 + ηx2
)N
=
1
2η
∫ η/(1+η)
0
dx H{{1,0,η},1},{{1,0,η},0},0
( √
x√
1− x√η
)
xN
=
1
2η5/2
∫ η/(1+η)
0
dx
[
H{4,1},{4,0},0
( √
x√
1− x
)
− 1
2
H0(η)H{4,1},{4,0}
( √
x√
1− x
)]
xN , (6.17)
where in the last step we removed the η-dependence of the argument by again applying a rescaling
of the inner integration variables. At this point, it is desirable to remove the square roots in
the arguments of the HPLs and to obtain iterated integrals with the argument x only. In order
to obtain this representation, we once again exploit the property that taking the derivative
reduces the transcendental weight of a hyperlogarithm and use a method similar to the one
given in [28,88]. For example,
d
dx
H{4,1},0
( √
x√
1− x
)
=
1
2
H0
( √
x√
1−x
)
1− x
=
1
4(1− x) [H0(x) + H1(x)] (6.18)
H{4,1},0
( √
x√
1− x
)
=
1
4
[H1,0(x) + H1,1(x)] . (6.19)
However, not all the occurring HPLs can be expressed in terms of generalized HPLs of the
previous kind and new, root-valued letters have to be introduced. To perform this in a systematic
way, we introduce a more general class of iterated integrals as follows:
G ({f1(τ), f2(τ), · · · , fn(τ)} , z) =
∫ z
0
dτ1 f1(τ1)G ({f2(τ), · · · , fn(τ)} , τ1) , (6.20)
with the special cases
G ({}, z) = 1 , (6.21)
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and
G
({
1
τ
,
1
τ
, · · · , 1
τ︸ ︷︷ ︸
n times
}
, z
)
=
1
n!
H0(z)
n ≡ 1
n!
lnn(z) . (6.22)
Here fi(τ) are real functions, with τ ∈ [0, 1]. At the moment we do not discuss matters like
algebraic or structural independence of these quantities, cf. [40, 79, 106], but rather consider
(6.20) as a placeholder. Algebraic and other relations are applied later in the concrete cases
appearing. These functions are given in explicit form in Appendix B.
Using these generalized iterated integrals we rewrite the HPLs with root-valued functions in
the argument. For example one has
H{4,0},{{η,0,1},0}
( √
x√
1− x
)
=
x (3− 6x+ 3ηx+ 3η2x+ 7x2 − 2ηx2 − 5η2x2 − 3x3 + 3η2x3)
3 (η − 1) η
− 2 (1 + η)
√
1− x√x (−1 + 2x)
η
G
({√
1− τ√τ} , x)
− (η − 1)
2
√
1− x√x(−1 + 2x)
2η
G
({ √
1− τ√τ
−η − τ + ητ
}
, x
)
+
8 (1 + η)
η
G
({√
1− τ√τ ,√1− τ√τ} , x)
+
2 (η − 1)2
η
G
({√
1− τ√τ ,
√
1− τ√τ
ητ − η − τ
}
, x
)
− 1 + η
2(η − 1)G
({
1
ητ − η − τ
}
, x
)
. (6.23)
In the present computation, similar HPLs up to weight w = 3 had to be transformed. Due to the
size of the expressions and the necessity to cancel spurious terms, all relations obeyed by these
quantities have to be used. These are
• shuffle relations
• integration by parts relations, such that only factors with exponents ∈ {1/2,−1} con-
tribute to the different letters
• shuffling of single square root terms to the end and performing the integrals e.g.:
G
({√
τ ,
1
τ + 1
}
, x
)
=
2
3
[
−G ({√τ} , x)+ x3/2G({ 1
1 + τ
}
, x
)
+G
({ √
τ
1 + τ
}
, x
)]
.
(6.24)
These identities have now been implemented in HarmonicSums [40,106,107] and allow a significant
simplification of expressions with iterated integrals of this type. Finally, the integrals are merged.
After the mapping of the integration variables (6.13) we are left with integrals of the form
∫ f(η)
0
dx
or
∫ 1
f(η)
dx due to the splitting of the X-integration in Eq. (6.6). We therefore substitute∫ 1
f(η)
dx G(x) =
∫ 1
0
dx G(x)−
∫ f(η)
0
dx G(x) . (6.25)
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As it would have been expected, the integrals
∫ f(η)
0
dx G(x) completely cancel up to trivial
integrals of the form ∫ f(η)
0
dx xα+N =
1
α +N + 1
xN+α+1
∣∣∣∣f(η)
x=0
. (6.26)
We now use HarmonicSums [40,106,107] to perform the inverse Mellin transform for terms that do
not contain any x-integration. They usually stem from integration-by-parts applied in steps (6.7),
(6.10) or (6.11). We are left with a z-space representation for our diagram. This representation
usually also includes a part proportional to a δ-distribution and one term proportional to a
+-distribution.
As a last step, we want to generate a N -space representation for our result, for which the last
remaining integration has to be performed. This is done with the help of a generating function
representation mapping the integral into generalized HPLs and then generating a recurrence
relation for the Nth coefficient of this result. This procedure is automated within the package
HarmonicSums [40,106,107]. The resulting recurrences were solved using the package Sigma [100,
101]. The result contains many generalized HPLs at argument x = 1, which stem from the
upper integration limit. In case their letters are free of the mass ratio η, they can be evaluated
in terms of special constants like pi, ln(2), the Catalan number C, ζ2 and ζ3 by using standard
integration methods or applying the internal integration algorithms of computer algebra packages
like Mathematica or Maple. In case these generalized HPLs are not entirely free of η, it is desirable
to rewrite them as iterated integrals with argument η in order to obtain algebraic independence
and an easier access to series representations. Rewriting these generalized HPLs cannot be done
by rescaling integration variables or by just applying the methods of [28, 88], since due to the
root valued letters the derivative with respect to an inner variable in general does not lead to
a weight reduction in this case. There is, however, an extension to the ideas in [28, 88]: Taking
the derivative with respect to inner variables we observe, that only GHPLs of a lower weight,
GHPLs independent of this variable and the original GHPL itself contribute, as e.g.:
d
dη
G
({√
τ
√
1− τ ,
√
τ
√
1− τ
−η − τ + ητ
}
, 1
)
=
(1 + η) (1− 8η + η2)
12 (η − 1)4 η
− η
(η − 1)4G
({
1
−η − τ + ητ
}
, 1
)
− 2
(η − 1) ηG
({√
τ
√
1− τ ,√τ√1− τ} , 1)
− 1 + 3η
2 (η − 1) ηG
({√
τ
√
1− τ ,
√
τ
√
1− τ
−η − τ + ητ
}
, 1
)
.
(6.27)
Therefore, the linear first order differential operator
d
dη
+
1 + 3η
2 (η − 1) η (6.28)
does lead to a weight reduced expression when applied to the GHPL
G
({√
τ
√
1− τ ,
√
τ
√
1− τ
−η − τ + ητ
}
, 1
)
. (6.29)
The weight reduced expression can be rewritten with the same method and we have to undo the
effect of the differential operator by using the general solution for the linear first order differential
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equation
d
dx
f(x) + p(x)f(x) = q(x) (6.30)
→ f(x) = exp
(
−
∫ x
x0
p(t)dt
)[
f(x0) +
∫ x
x0
q(t) exp
(∫ t
x0
p(u)du
)
dt
]
. (6.31)
Applying this method to the GHPL considered above we obtain
G
({√
τ
√
1− τ ,
√
τ
√
1− τ
−η − τ + ητ
}
, 1
)
=
1 + 4η − 2η2
6(η − 1)3 −
3
(
1− 4√η + η)
16 (η − 1)2 ζ2
+
√
η
8 (η − 1)2G
({ √
τ
1− τ ,
1
τ
}
, η
)
+
(η − 3) η2
4 (η − 1)4 ln(η) .
(6.32)
For all the GHPLs considered in this section, it is always possible to construct a linear first
order differential operator 16 which does yield a weight reduced expression when applied to the
corresponding generalized HPL, and all the GHPLs could thus be rewritten in terms of GHPLs
with argument η. See Appendix B for a list of relations for the GHPLs.
6.2 The results for individual diagrams
In the following, we present the results for all scalar two-mass topologies contributing to Agg,Q
both in z- and in N -space. Up to a global pre-factor, all results are expressed as functions of the
mass ratio η. We consider only the cases where the operator insertion is located on a line, and
not on a vertex, since the latter case can be easily derived from the former. The powers of the
propagators are taken to be the highest ones appearing in the corresponding physical diagrams
(this means that in all of the diagrams the sum of powers of propagators equals 9).
We define the following functions which appear often in the z-space expressions of the dia-
grams,
f1(η, z) =
1
2
(1 + η)
[
G
({√
1− τ√τ , 1
1− τ
}
, z
)
+G
({√
1− τ√τ , 1
τ
}
, z
)]
−1
8
(1− η)2
[
ln(η)G
({√
1− τ√τ
1− τ + ητ
}
, z
)
+G
({√
1− τ√τ
1− τ + ητ ,
1
τ
}
, z
)
+G
({√
1− τ√τ
1− τ + ητ ,
1
1− τ
}
, z
)]
+
(
1− η + 1
2
(1 + η) ln(η)
)
G
({√
1− τ√τ} , z) , (6.33)
f2(η, z) = −1
2
(1 + η)
[
G
({√
1− τ√τ , 1
1− τ
}
, z
)
+G
({√
1− τ√τ , 1
τ
}
, z
)]
+
1
8
(1− η)2
[
ln(η)G
({√
1− τ√τ
ητ − η − τ
}
, z
)
−G
({√
1− τ√τ
ητ − η − τ ,
1
τ
}
, z
)
16First order linear differential operators could be used instead of pure differentiation in order to extend the
parametric integration method. However, remapping parameters might be a more suitable method to integrate
Feynman parameter integrals which are not a priori reducible. Both methods become inapplicable when non-
iterative integrals appear, as e.g. genuine elliptic integrals and others.
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−G
({√
1− τ√τ
ητ − η − τ ,
1
1− τ
}
, z
)]
+
(
1− η + 1
2
(1 + η) ln(η)
)
G
({√
1− τ√τ} , z) , (6.34)
f3(η, z) =
1
2
(1 + η)
[
G
({√
1− τ√τ ,√1− τ√τ , 1
τ
}
, z
)
+G
({√
1− τ√τ ,√1− τ√τ , 1
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}
, z
)]
+
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2
(1 + η) ln(η)
)
G
({√
1− τ√τ ,√1− τ√τ} , z)
−1
8
(1− η)2
[
G
({√
1− τ√τ ,
√
1− τ√τ
1− τ + ητ ,
1
τ
}
, z
)
+G
({√
1− τ√τ ,
√
1− τ√τ
1− τ + ητ ,
1
1− τ
}
, z
)
+ ln(η)G
({√
1− τ√τ ,
√
1− τ√τ
1− τ + ητ
}
, z
)]
, (6.35)
f4(η, z) =
1
2
(1 + η)
[
G
({√
1− τ√τ ,√1− τ√τ , 1
τ
}
, z
)
+G
({√
1− τ√τ ,√1− τ√τ , 1
1− τ
}
, z
)]
−
(
1− η + 1
2
(1 + η) ln(η)
)
G
({√
1− τ√τ ,√1− τ√τ} , z)
+
1
8
(1− η)2
[
G
({√
1− τ√τ ,
√
1− τ√τ
ητ − η − τ ,
1
τ
}
, z
)
+G
({√
1− τ√τ ,
√
1− τ√τ
ητ − η − τ ,
1
1− τ
}
, z
)
− ln(η)G
({√
1− τ√τ ,
√
1− τ√τ
ητ − η − τ
}
, z
)]
, (6.36)
f5(η, z) = G
({
1
1− τ + ητ ,
1
τ
}
, z
)
+G
({
1
1− τ + ητ ,
1
1− τ
}
, z
)
+ ln(η)G
({
1
1− τ + ητ
}
, z
)
, (6.37)
f6(η, z) = G
({
1
ητ − η − τ ,
1
τ
}
, z
)
+G
({
1
ητ − η − τ ,
1
1− τ
}
, z
)
− ln(η)G
({
1
ητ − η − τ
}
, z
)
. (6.38)
For diagram 1, each term in z-space factors completely into z- and η-dependent contributions.
No iterated integrals involving both, η and z, contribute. The z-space result can be completely
expressed by harmonic polylogarithms
D1(z) =
(
m21
)ε/2 (
m22
)ε−3{1 + η3
105ε2
+
1
ε
[
74− 245η − 245η2 + 74η3
44100
− η
3
210
H0 (η)
56
−1 + η
3
210
H1 (z)
]
+
5520349− 7928445η − 7928445η2 + 5520349η3
1185408000
+
ζ2
280
(
1 + η3
)− 74− 245η − 245η2 + 74η3
88200
H1 (z)
+H0 (η)
[
−55125 + 37975η + 24745η2 + 36181η3
22579200
+
η3
420
H1 (z)
]
+
525− 245η − 245η2 + 1549η3
430080
H0,0(η) +
1
420
(
1 + η3
)
H1,1 (z)
−(1− η)
2 (5 + 6η + 5η2)
2048
√
η
[
H−1,0,0 (
√
η) + H1,0,0 (
√
η)
]}
. (6.39)
ma mb
Figure 5: Diagram 1. Here both mass assignments ma = m1, mb = m2 and ma = m2, mb = m1
yield identical results.
Due to the structure in z-space, only harmonic sums contribute in Mellin N -space.
D1(N) =
(
m21
)ε/2 (
m22
)ε−3(1 + (−1)N
2
)
1
N + 1
{
1 + η3
105ε2
+
1
210ε
[
−(1 + η3)S1 (N)
−η3 ln(η) + (1 + η)
(
2η2(37N − 68)− η(319N + 109) + 74N − 136)
210(N + 1)
]
−
(
5η2 + 6η + 5
)
(1− η)2
2048
√
η
[
H−1,0,0 (
√
η) + H1,0,0 (
√
η)
]
+
(1 + η3)ζ2
280
+ ln(η)
[
P1
22579200(N + 1)
+
η3
420
S1 (N)
]
+
1 + η3
840
[
S21(N) + S2 (N)
]
+
1549η3 − 245η2 − 245η + 525
860160
ln2(η) +
(1 + η)P2
1185408000(N + 1)2
−(1 + η)
(
2η2(37N − 68)− η(319N + 109) + 74N − 136)
88200(N + 1)
S1 (N)
}
, (6.40)
with the polynomials Pi(η,N)
P1 = 36181η
3N + 89941η3 + 24745η2N + 24745η2 + 37975ηN + 37975η
−55125N − 55125 , (6.41)
P2 = 5520349η
2N2 + 10046138η2N + 7348189η2 − 13448794ηN2
57
−22610228ηN − 11983834η + 5520349N2 + 10046138N + 7348189 . (6.42)
Here the factor 1
2
(1 + (−1)N) comes from the operator insertion Feynman rule. This factor is
removed from the z-space results in all diagrams, due to the analytic continuation from the even
moments.
ma
mb
Figure 6: Topology 2. D2a represents the mass assignment ma = m2, mb = m1 and D2b (m1 ↔ m2).
Although topologically very similar to diagram D1, diagrams D2a and D2b exhibit a much
more involved mathematical structure. As we restrict ourselves to a representation within the
class of iterated integrals of argument z, additional root-valued integration kernels had to be
introduced. Furthermore, iterated integrals depending on both variables η and z contribute.
In z-space diagram D2a consists of contribution D
Reg
2a , which, other than a term proportional
to δ(1− z), is regular as z → 1 and a contribution D+2a,
D2a(z) = D
Reg
2a (z) +D
+
2a(z) . (6.43)
The latter term contains distributions like ∝ 1/(1 − z) or ∝ 1/(1 − z)3/2, understood as +-
distributions.
For a distribution f (+)(x) of the general form
f (+)(x) =
m∑
k=0
(
lnk(1− x)
qk(x)
)
+
pk(x) (6.44)
we define the Mellin transform by
M
[
f (+)
]
(N) =
∫ 1
0
dx
m∑
k=0
xNpk(x)− pk(1)
qk(x)
[ln(1− x)]k . (6.45)
Note that in this section we use a different convention for the Mellin transform (6.45), if compared
with (2.5).
This regularization is also required for the Mellin transform of the diagrams D2a, D2b, D8a
and D8b below. For D2a the +-part is given by
D
(+)
2a (z) =
(
m21
)ε/2 (
m22
)−3+ε [ η3
210(1− z)
(
1
ε
+
37
210
− 1
2
H1(z)− 1
2
ln(η)
)
58
− 5η
3
√
z
1536(1− z)3/2f1(η, z)
]
, (6.46)
and the regular contribution to Diagram 2a is
DReg2a (z) =
(
m21
)ε/2 (
m22
)−3+ε{
δ (1− z) η
3
105
[
1
ε2
+
1
ε
(
37
210
− 1
2
ln (η)
)
− 523
22050
+
3
8
ζ2 − 37
420
ln (η) +
1
4
H0,0 (η)
]
− 3− 6z + (3 + 7η
2 + 6η3) z2
1260z2ε
+
Q1
11289600ηz2
+
Q2
645120ηz
[
H1 (z) + ln(η)
]− Q4
645120ηz2
ln (z)
+
Q3
1536η
√
1− zz5/2f1(η, z)
}
, (6.47)
with the polynomials
Q1 = 11025(z − 1)3z + 18375η5z4 + η4z2
(−9472 + 25725z − 62475z2)
+49η3z2
(−1091− 900z + 1350z2)− η(z − 1)2 (−8704− 22050z + 25725z2)
−245η2z (133− 253z + 90z2 + 30z3) , (6.48)
Q2 = 315(z − 1)3 − 525η5z3 − 105η(z − 1)2(6 + z) + 7η3z
(
11 + 180z + 90z2
)
+3η4z
(
512− 595z + 245z2)− 105η2 (−1 + 9z − 18z2 + 10z3) , (6.49)
Q3 = 3 + (−9 + 4η)z +
(
9− 8η − 6η2) z2 + (η − 1)3(3 + 5η)z3 , (6.50)
Q4 = 105(η − 1)2
(
17η2 + 22η + 9
)
z3 − 3 (35η2 + 302η − 105) z + (1715η3
+945η2 − 387η − 945)z2 + 105(η − 1)3(η + 1)(5η + 3)z4 + 768η . (6.51)
Performing the Mellin transformation by using the regularization (6.45) yields
D2a(N) =
(
m21
)ε/2 (
m22
)−3+ε(1 + (−1)N
2
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+
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N
)
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− 2√
η
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H−1,0,0 (
√
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√
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]
+
ln2(η)
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1
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i=1
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)(
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)(1
2
ln2(η) + ln(η)S1(1− η, i)
+S1,1(1− η, 1, i)− S2(1− η, i)
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+
η3
420
[
ln(η)S1(N) +
1
2
ln2(η)
]
+
P3
1185408000(N − 1)2N2(N + 1)2(2N − 3)(2N − 1)
59
+
P5
22579200(N + 1)(2N − 3)(2N − 1)
[
S1 (N) + ln(η)
]}
, (6.52)
with the polynomials
P3 = 14363896η
3N8 − 4η2(6247133η + 7928445)N7
−10η (1788305η2 − 10831254η + 519645)N6
+
(
18840889η3 − 108183915η2 + 18290475η + 24675735)N5
+
(
66146587η3 + 4378395η2 − 17775975η + 1881705)N4
− (78524357η3 − 41113695η2 + 8412075η + 86929815)N3
+3
(
7348189η3 − 4635645η2 + 7657475η + 15366365)N2
−40320(245η − 424)N − 8467200 , (6.53)
P4 = 5η
3
(
8N3 − 12N2 − 2N + 3)+ η2 (−28N2 + 64N − 9)− 3η(2N + 17) + 45, (6.54)
P5 = η
3
(
71224N3 + 217316N2 − 666110N + 269823)+ 24745η2 (4N2 − 8N + 3)
−3675η(14N − 31)− 165375 , (6.55)
P6 = 5η
4
(
16N4 − 40N2 + 9)− 12η3 (8N3 − 12N2 − 2N + 3)− 6η2 (4N2 − 8N + 3)
+12η(2N − 3) + 45 . (6.56)
Diagram 2b exhibits a very similar structure and is related to diagram 2a by the interchange
m1 ↔ m2, η → 1/η. Its z-space contributions consists of a part which requires regularization
via the +-distribution,
D
(+)
2b (z) =
(
m21
)−3+ε (
m22
)ε/2 [ 1
210η3(1− z)
(
1
ε
+
37
210
− 1
2
H1(z) +
1
2
ln(η)
)
+
5
√
z
1536η4(1− z)3/2f2(η, z)
]
, (6.57)
and a remainder contribution
DReg2b (z) =
(
m21
)−3+ε (
m22
)ε/2{δ (1− z)
105η3
[
1
ε2
+
1
ε
(
37
210
+
1
2
ln(η)
)
− 523
22050
+
37
420
ln(η) +
1
8
ln2(η) +
3
8
ζ2
]
− 3η
3(z − 1)2 + 6z2 + 7ηz2
1260η3z2ε
+
Q7
11289600η4z2
+
Q6
645120η4z2
ln(z) +
Q5
645120η4z
[
H1 (z)− ln(η)
]
+
Q8
1536η4
√
1− zz5/2f2(η, z)
}
, (6.58)
with
Q5 = 315η
5(z − 1)3 − 105η4(z − 1)2(z + 6)− 105η3(10z3 − 18z2 + 9z − 1)
+7η2z
(
90z2 + 180z + 11
)
+ 3ηz
(
245z2 − 595z + 512)− 525z3 , (6.59)
Q6 = 315η
5(z − 1)3z − 3η4(z − 1)2(35z2 + 210z + 256)− 105η3z(10z3 − 18z2
+9z − 1)+ 35η2z2(18z2 + 36z − 49)+ 105ηz3(7z − 17)− 525z4 , (6.60)
60
Q7 = 11025η
5(z − 1)3z − η4(z − 1)2(25725z2 − 22050z − 8704)− 245η3z(30z3
+90z2 − 253z + 133)+ 49η2z2(1350z2 − 900z − 1091)+ ηz2(− 62475z2
+25725z − 9472)+ 18375z4 , (6.61)
Q8 = 3η
4(z − 1)3 − 4η3(z − 1)2z − 6η2(z − 1)z2 − 5z3 + 12ηz3 . (6.62)
In Mellin N -space one obtains
D2b(N) =
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)ε/2 (
m22
)−3+ε(1 + (−1)N
2
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105η3ε2
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210η3ε
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−210η
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]
+
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[
1
2
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+
1
840η3
[
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]
+
2−2N−12
(
2N
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)
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3η3(N + 1)(2N − 3)(2N − 1)
[
− 2√
η
[
H−1,0,0 (
√
η) + H1,0,0 (
√
η)
]
+
ln2(η)
2(1− η) −
1
η − 1
N∑
i=1
22i(η − 1)−iηi(
2i
i
)(
1 + 2i
) [1
2
ln2(η)− ln(η)S1
(
η − 1
η
, i
)
+S1,1
(
η − 1
η
, 1, i
)
− S2
(
η − 1
η
, i
)]]
+
1
420η3
[
1
2
ln2(η)− ln(η)S1(N)
]
+
P10
1185408000η3(N − 1)2N2(N + 1)2(2N − 3)(2N − 1)
+
P7
22579200η3(N + 1)(2N − 3)(2N − 1)
[
ln(η)− S1 (N)
]}
, (6.63)
with the polynomials
P7 = 165375η
3 + 3675η2(14N − 31)− 24745η (4N2 − 8N + 3)− 71224N3
−217316N2 + 666110N − 269823 , (6.64)
P8 = 45η
3 − 3η2(2N + 17) + η (−28N2 + 64N − 9)+ 5 (8N3 − 12N2 − 2N + 3) ,(6.65)
P9 = 45η
4 + 12η3(2N − 3)− 6η2 (4N2 − 8N + 3)− 12η (8N3 − 12N2 − 2N + 3)
+5
(
16N4 − 40N2 + 9) , (6.66)
P10 = 105η
3
(
235007N5 + 17921N4 − 827903N3 + 439039N2 + 162816N − 80640)
−25725η2(N − 1)2N (202N3 − 307N2 − 125N + 384)
−5145η(N − 1)2N2 (6164N3 − 8724N2 − 2585N + 2703)
+(N − 1)2N2(14363896N4 + 3739260N3 − 24768426N2
−34435223N + 22044567) . (6.67)
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Figure 7: Diagram 3. Due to the symmetry of the diagram both mass assignments ma = m1,
mb = m2 and ma = m2, mb = m1 yield identical results.
Diagram 3 displays a particularly simple structure and does only depend on the logarithms
H0(η) = ln(η) and H0(z) = ln(z) in z-space,
D3(z) =
(
m21
)ε/2 (
m22
)ε−3 1− z
210z
[
(1 + η3)
(
1
ε
+
37
210
+
1
2
ln (z)
)
− 7
12
η(1 + η)− 1
2
η3 ln (η)
]
. (6.68)
In N -space this corresponds to an expression in terms of rational functions and ln(η) only. It is
given by
D3(N) =
(
m21
)ε/2 (
m22
)ε−3( 1 + (−1)N
420N(N + 1)
)[
1 + η3
ε
+
(1 + η)P11
420N(N + 1)
− η
3
2
ln(η)
]
,(6.69)
with the polynomial
P11 = η
2
(
74N2 − 346N − 210)+ η (−319N2 + 101N + 210)+ 74N2 − 346N − 210 .
(6.70)
ma
mb
Figure 8: Topology 4. D4a is given by assigning ma = m2,mb = m1 and D4b by assigning ma = m1,
mb = m2 respectively.
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The z-space expressions for Diagrams D4a and D4b are completely regular as z → 1. For D4a(z)
one obtains
D4a(z) =
(
m21
)ε/2 (
m22
)−3+ε [1
ε
(
(1− z) (−1 + 5z + 2z2)
60z2
+
1
10
ln (z)
)
+
Q9
57600ηz2
− η
2ζ2
60
+
(1− z)Q10
1920ηz
H1 (z) +
Q13
28800ηz2
ln (z)
+
(1− z)3/2Q11
240ηz5/2
f1(η, z)− η(5 + 3η)(7− 5η)
7680
ln2(η)
+
η
480
(35 + 3η − 8η2)f5(η, z) + (1− η)(7 + 2η − η
2)
8η
f3(η, z)
+
3 + η2
120
ln2(z) +
Q12
1920ηz
ln(η) +
η2
60
H0,1(z) +
η2
60
ln(z) ln(η)
+
7− 5η − 3η2 + η3
512
√
η
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)]
, (6.71)
with the polynomials
Q9 = −150η3z3
(
10 + 41z − 62z2 + 24z3)+ 75η4z2 (12− 22z + 43z2 − 38z3 + 12z4)
−20η2z (82− 57z + 65z2 + 135z3 − 240z4 + 90z5)
−15z (24− 152z + 662z2 + 51z3 − 830z4 + 420z5)
+2η
(
104 + 696z − 2568z2 + 7798z3 + 3195z4 − 11850z5 + 5400z6) , (6.72)
Q10 = −6 + 67z − 81z2 − 85z3 + 105z4 + 5η4(z − 1)2z(3z − 1)
−10η3(z − 1)2z(1 + 3z) + η2 (2− 50z + 20z2 + 160z3 − 120z4)
+2η
(−6 + 99z + 7z2 − 45z3 + 15z4) , (6.73)
Q11 = 3 + (−13 + 5η)z − 15
(−3 + 2η + η2) z2 + 15 (7− 5η − 3η2 + η3) z3 , (6.74)
Q12 = −6 + 38z − 148z2 − 4z3 + 190z4 − 105z5 − 5η4z
(
3− 6z + 12z2 − 10z3 + 3z4)
+10η3z
(
3 + 6z2 − 8z3 + 3z4)− 2η (6− 30z + 92z2 + 52z3 − 60z4 + 15z5)
+η2
(
2− 17z + 70z2 + 140z3 − 280z4 + 120z5) , (6.75)
Q13 = 150η
3z4
(
6− 8z + 3z2)− 75η4z3 (−6 + 12z − 10z2 + 3z3)− 15z (6− 38z
+148z2 + 4z3 − 190z4 + 105z5)+ 10η2z (3− 203z + 105z2 + 210z3 − 420z4
+180z5
)− 6η (40− 210z − 86z2 + 460z3 + 260z4 − 300z5 + 75z6) . (6.76)
Performing the Mellin transform yields
D4a(N) =
(
m21
)ε/2 (
m22
)−3+ε( 1 + (−1)N
2(N + 1)2(N + 2)
){
− 1
5(N − 1)Nε
+(1− η)−Nη
(
4N2 − 4N − 3)η2 + (4N − 6)η − 35
512(2N − 3)
[
1
2
ln2(η)
+ ln(η)S1(1− η,N) + S1,1(1− η, 1, N)− S2(1− η,N)
]
−η3
(
4N2 − 4N − 3)η2 + 12(2N − 3)η − 35
768(2N − 3)
[
ln(η) + S1(N)
]
63
+
2−2N−7
(
2N−2
N−1
)
P13
N(2N − 3)
[
1√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]
−1
4
ln2(η) + ln(η)− 2 + η
8
N∑
i=1
22i(
2i−2
i−1
)(− 1
i2
+
ln(η)
i
+
S1(i)
i
)
+
η
8
N∑
i=1
22i(1− η)−i(
2i−2
i−1
) (− ln(η)S1(1− η, i)− S1,1(1− η, 1, i)
+S2(1− η, i)− 1
2
ln2(η)
)]
+
P12
28800(N − 1)2N2(N + 1)(2N − 3)
}
, (6.77)
with the polynomials
P12 = 900η
3N7 − 900η2(2η − 1)N6 − 25η (27η2 + 90η + 163)N5 + (2475η3
+450η2 + 8875η + 7296
)
N4 +
(−225η3 + 2250η2 − 725η + 6336)N3
−(675η3 + 1350η2 + 8875η + 33216)N2 + 192(25η + 27)N + 8640 , (6.78)
P13 = η
3
(
8N3 − 12N2 − 2N + 3)+ 3η2 (4N2 − 8N + 3)+ η(45− 30N)− 105 . (6.79)
Interchanging the masses m1 ↔ m2 one obtains
D4b(z) =
(
m21
)−3+ε (
m22
)ε/2 [1
ε
(
−(z − 1)
(
2z2 + 5z − 1)
60z2
+
1
10
H0 (z)
)
+
Q17
57600η3z2
− ζ2
60η2
+
(1− z)Q14
1920η3z
H1(z) +
Q16
28800η3z2
ln(z)
−(1− z)
3/2Q18
240η3z5/2
f2(η, z) +
105η3 − 180η2 − 5η + 64
7680η2
ln2(η)
−35η
2 + 3η − 8
480η2
f6(η, z)− (1− η)(7η
2 + 2η − 1)
8η3
f4(η, z)
+
3η2 + 1
120η2
ln2(z) +
Q15
1920η3z
ln(η) +
1
60η2
[
H0,1(z)− ln(η) ln(z)
]
+
7η3 − 5η2 − 3η + 1
512η5/2
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)]
, (6.80)
where
Q14 = η
4
(
105z4 − 85z3 − 81z2 + 67z − 6)+ 2η3(15z4 − 45z3 + 7z2 + 99z
−6)+ η2(− 120z4 + 160z3 + 20z2 − 50z + 2)− 10η(z − 1)2z(3z + 1)
+5(z − 1)2z(3z − 1) , (6.81)
Q15 = η
4
(
105z5 − 190z4 + 4z3 + 148z2 − 143z + 6)+ 2η3(15z5 − 60z4
+52z3 + 92z2 − 45z + 6)− η2(120z5 − 280z4 + 140z3 + 70z2
−137z + 2)− 10ηz3(3z2 − 8z + 6)+ 5z2(3z3 − 10z2 + 12z − 6) , (6.82)
Q16 = −15η4z
(
105z5 − 190z4 + 4z3 + 148z2 − 38z + 6)− 6η3(75z6 − 300z5
+260z4 + 460z3 − 86z2 − 210z + 40)+ 10η2z(180z5 − 420z4 + 210z3
+105z2 − 203z + 3)+ 150ηz4(3z2 − 8z + 6)− 75z3(3z3 − 10z2 + 12z − 6),
(6.83)
64
Q17 = −15η4z
(
420z5 − 830z4 + 51z3 + 662z2 − 572z + 24)+ 2η3(5400z6
−11850z5 + 3195z4 + 7798z3 − 7968z2 + 696z + 104)− 20η2z(90z5
−240z4 + 135z3 + 65z2 − 147z + 82)− 150ηz2(24z4 − 62z3 + 41z2 + 10z
−24)+ 75z3(12z3 − 38z2 + 43z − 22) , (6.84)
Q18 = 15z
3 − 15ηz2(3z + 1)− 5η2z(15z2 + 6z − 1)+ η3(105z3 + 45z2 − 13z + 3) .
(6.85)
In Mellin space D4b takes the form
D4b(N) =
(
m21
)−3+ε (
m22
)ε/2( 1 + (−1)N
2(N + 1)2(N + 2)
){
−1
ε
1
5(N − 1)N
+
35η2 + (6− 4N)η − 4N2 + 4N + 3
512η3(2N − 3)
(
η
η − 1
)N [
−1
2
ln2(η)
+ ln(η)S1
(
η − 1
η
,N
)
+ S2
(
η − 1
η
,N
)
− S1,1
(
η − 1
η
, 1, N
)]
+
35η2 + (36− 24N)η − 12N2 + 12N + 9
768η3(2N − 3)
[
S1(N)− ln(η)
]
+
P15
28800η3(N − 1)2N2(N + 1)(2N − 3)
+
2−2N−7
(
2N−2
N−1
)
P14
η3N(2N − 3)
[
−√η[H−1,0,0(√η) + H1,0,0(√η)]
+
1
4
ln2(η) + ln(η) + 2 +
1
8η
N∑
i=1
22i(
2i−2
i−1
)( 1
i2
+
ln(η)
i
− S1(i)
i
)
+
1
8η
N∑
i=1
22i(η − 1)−iηi(
2i−2
i−1
) [− ln(η)S1(η − 1
η
, i
)
+S1,1
(
η − 1
η
, 1, i
)
− S2
(
η − 1
η
, i
)
+
1
2
ln2(η)
]]}
, (6.86)
with the polynomials
P14 = 105η
3 + 15η2(2N − 3)− 3η (4N2 − 8N + 3)− 8N3 + 12N2 + 2N − 3, (6.87)
P15 = 192η
3
(
38N4 + 33N3 − 173N2 + 27N + 45)− 25η2(N − 1)2N(163N2
−29N − 192)+ 450η(N − 1)2N2 (2N2 −N − 3)
+225(N − 1)2N2 (4N3 − 7N − 3) . (6.88)
Diagram D5a is given in z-space by
D5a(z) =
(
m21
)ε/2 (
m22
)−3+ε [1
ε
(
−(1− z) (1− 5z − 2z
2)
45z2
+
2
15
ln (z)
)
− Q19
201600ηz2
− ζ2
105
η3z − (1− z)Q20
6720ηz
H1 (z) +
Q21
100800ηz2
ln(z)
−(1− z)
3/2Q22
840ηz5/2
f1(η, z) +
η3z
105
[
H0,1(z) + H0,0(η)
]
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Figure 9: This diagram depicts D5a with ma = m2, mb = m1 and D5b with ma = m1, mb = m2
respectively.
+
η (175 + 35η + 16η2z − 16η3z)
1680
f5(η, z) +
Q23
6720ηz
ln(η)
+
(1− η)(5 + 2η + η2)
4η
f3(η, z) +
7 + η3z
210
ln2(z) +
η3z
105
ln(η) ln(z)
+
5− 3η − η2 − η3
256
√
η
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)
− η
768
(
5 + 3η2
)
ln2(η)
]
, (6.89)
with the polynomials
Q19 = 30η
3z2
(
216− 146z − 105z2 + 70z3)+ 525η4z2 (12− 22z + 43z2
−38z3 + 12z4)+ 75z (24− 152z + 662z2 + 51z3 − 830z4 + 420z5)
+20η2z
(
290− 237z + 535z2 + 756z3 − 1554z4 + 630z5)− 2η(672
+2248z − 11984z2 + 37234z3 + 15345z4 − 55590z5 + 25200z6) , (6.90)
Q20 = 35η
4(z − 1)2z(3z − 1) + 2η3z (3 + 35z − 175z2 + 105z3)+ 5(6
−67z + 81z2 + 85z3 − 105z4)− 2η (−30 + 509z + 17z2 − 251z3
+105z4
)
+ 2η2
(−5 + 47z − 28z2 − 294z3 + 210z4) , (6.91)
Q21 = 525η
4z3
(−6 + 12z − 10z2 + 3z3)+ 30η3z2 (−108− 32z + 210z2
−280z3 + 105z4)− 75z (6− 38z + 148z2 + 4z3 − 190z4 + 105z5)
+10η2z
(
15− 751z + 225z2 + 798z3 − 1512z4 + 630z5)− 2η(560
−2910z − 854z2 + 7380z3 + 4020z4 − 5340z5 + 1575z6) , (6.92)
Q22 = −15 + (65− 21η)z +
(−225 + 126η + 35η2) z2 + 105 (−5 + 3η
+η2 + η3
)
z3 , (6.93)
Q23 = 35η
4z
(
3− 6z + 12z2 − 10z3 + 3z4)+ 2η3z (−3− 32z + 210z2
−280z3 + 105z4)− 2η (30− 154z + 492z2 + 268z3 − 356z4 + 105z5)
−5(6− 38z + 148z2 + 4z3 − 190z4 + 105z5)+ η2 (10− 69z + 150z2
+532z3 − 1008z4 + 420z5) . (6.94)
In Mellin-space one obtains
D5a(N) =
(
m21
)ε/2 (
m22
)−3+ε( 1 + (−1)N
2(N + 1)(N + 2)
){
− 4
15(N − 1)N(N + 1)ε
−(1− η)−N−1η
(
4N2 − 8N + 3)η2 − 4(N + 1)η + 25
128(2N − 3)(2N − 1)
[
1
2
ln2(η)
66
+ ln(η)S1(1− η,N) + S1,1(1− η, 1, N)− S2(1− η,N)
]
+η
3
(
4N2 − 4N − 3)η2 + 25
384(N + 1)(2N − 3)
[
S1 (N) + ln(η)
]
+
2−2N−7
(
2N
N
)
P17
(N + 1)(2N − 3)(2N − 1)
[
− 1√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]
+
η
2(1− η)
N∑
i=1
22i(1− η)−i(
2i
i
) (ln(η)S1(1− η, i) + S1,1(1− η, 1, i)
−S2(1− η, i) + 1
2
ln2(η)
)
+
ln2(η)
4(1− η) − ln(η) + 2
]
− P16
14400(N − 1)2N2(N + 1)2(2N − 3)
}
, (6.95)
where the polynomials read
P16 = 900η
3N7 − 900η2(2η + 1)N6 − 25η (27η2 − 90η − 89)N5 + (2475η3
−450η2 − 4625η − 5504)N4 − (225η3 + 2250η2 − 175η + 3264)N3
+
(−675η3 + 1350η2 + 4625η + 22784)N2 − 96(25η + 46)N − 5760 , (6.96)
P17 = η
3
(
8N3 − 12N2 − 2N + 3)+ η2 (−4N2 + 8N − 3)+ 9η(2N − 3) + 75 . (6.97)
The mass-reversed diagram D5b obeys the z-space representation
D5b(z) =
(
m21
)−3+ε (
m22
)ε/2{1
ε
[
−(z − 1)
(
2z2 + 5z − 1)
45z2
+
2
15
H0 (z)
]
− Q27
201600η3z2
−
(
1
16
− 1
384η
− 5η
128
− z
105η3
)
H0,0 (η)
−(1− z)
3/2Q28
840η3z5/2
f2(η, z) +
1
105
(
7 +
z
η3
)
H0,0(z)
−35η
2 + 175η3 − 16z + 16ηz
1680η3
f6(η, z)− ζ2z
105η3
−(1− η)(5η
2 + 2η + 1)
4η3
f4(η, z) +
Q25
6720η3z
ln(η)
+
(1− z)Q24
6720η3z
H1(z) +
5η3 − 3η2 − η − 1
256η5/2
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)
+
Q26
100800η3z2
ln(z) +
z
105η3
[
H0,1(z)− ln(η) ln(z)
]}
, (6.98)
where
Q24 = 5η
4
(
105z4 − 85z3 − 81z2 + 67z − 6)+ 2η3(105z4 − 251z3 + 17z2
+509z − 30)+ η2(− 420z4 + 588z3 + 56z2 − 94z + 10)− 2ηz(105z3
−175z2 + 35z + 3)− 35(z − 1)2z(3z − 1) , (6.99)
Q25 = 5η
4
(
105z5 − 190z4 + 4z3 + 148z2 − 143z + 6)+ η3(210z5 − 712z4
67
+536z3 + 984z2 − 518z + 60)− η2(420z5 − 1008z4 + 532z3 + 150z2
−489z + 10)+ 2ηz(− 105z4 + 280z3 − 210z2 + 32z + 108)
−35z2(3z3 − 10z2 + 12z − 6) , (6.100)
Q26 = −75η4z
(
105z5 − 190z4 + 4z3 + 148z2 − 38z + 6)− 2η3(1575z6
−5340z5 + 4020z4 + 7380z3 − 854z2 − 2910z + 560)+ 10η2z(630z5
−1512z4 + 798z3 + 225z2 − 751z + 15)+ 30ηz2(105z4 − 280z3
+210z2 − 32z − 108)+ 525z3(3z3 − 10z2 + 12z − 6) , (6.101)
Q27 = 75η
4z
(
420z5 − 830z4 + 51z3 + 662z2 − 572z + 24)− 2η3(25200z6
−55590z5 + 15345z4 + 37234z3 − 37184z2 + 2248z + 672)
+20η2z
(
630z5 − 1554z4 + 756z3 + 535z2 − 867z + 290)
+30ηz2
(
70z3 − 105z2 − 146z + 216)
+525z3
(
12z3 − 38z2 + 43z − 22) , (6.102)
Q28 = −105z3 − 35ηz2(3z + 1)− 21η2z
(
15z2 + 6z − 1)
+5η3
(
105z3 + 45z2 − 13z + 3) . (6.103)
In Mellin space one obtains
D5b(N) =
(
m21
)−3+ε (
m22
)ε/2( 1 + (−1)N
2(N + 1)(N + 2)
){
− 4
15(N − 1)N(N + 1)ε
+
25η2 − 4(N + 1)η + 4N2 − 8N + 3
128(η − 1)η2(2N − 3)(2N − 1)
(
η
η − 1
)N [
−1
2
ln2(η)
+ ln(η)S1
(
η − 1
η
,N
)
+ S2
(
η − 1
η
,N
)
− S1,1
(
η − 1
η
, 1, N
)]
+
25η2 + 12N2 − 12N − 9
384η3(N + 1)(2N − 3)
[
S1(N)− ln(η)
]
+
P19
14400η3(N − 1)2N2(N + 1)2(2N − 3)
+
2−2N−7
(
2N
N
)
P18
η2(N + 1)(2N − 3)(2N − 1)
[
− 1√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]
+
1
η
[
2 + ln(η)
]
+
1
2(η − 1)η
N∑
i=1
22i(η − 1)−iηi(
2i
i
) [− ln(η)S1(η − 1
η
, i
)
+S1,1
(
η − 1
η
, 1, i
)
− S2
(
η − 1
η
, i
)
+
1
2
ln2(η)
]
+
ln2(η)
4(η − 1)
]}
, (6.104)
where we abbreviated the polynomials
P18 = 75η
3 + 9η2(2N − 3) + η (−4N2 + 8N − 3)+ 8N3 − 12N2 − 2N + 3, (6.105)
P19 = 64η
3
(
86N4 + 51N3 − 356N2 + 69N + 90)− 25η2(N − 1)2N(89N2
−7N − 96)+ 450η(N − 1)2N2 (2N2 −N − 3)
−225(N − 1)2N2 (4N3 − 7N − 3) . (6.106)
68
ma
mb
Figure 10: D6a with ma = m1, mb = m2 and D6b with ma = m2, mb = m1 respectively.
The diagrams D6a,b and D8a,b, see Figures 10 and 12, respectively, consist of one fermionic triangle
and one fermion-bubble. For D6a(z) one obtains
D6a(z) =
(
m21
)−3+ε (
m22
)ε/2{− 1
45ε2
+
1
90ε
[
11
10
+
3
2η2
+
5
4η
+
1
2z2
− 2
z
+H1 (z)− H0 (z)
]
− 1
180
[
H1,1 (z) + H0,0 (z)
]− ( 1
120
− H1 (z)
420η3
)
ζ2
+
1
201600(η − 1)η3z2
[
zQ30H1(z) +Q31H0(z)
]
+
Q32
18144000η3z2
−
√
1− zQ33
3360η3z5/2
f2(η, z) +
1
420η3
[
H1,0(z)H0(η)− H1(z)H0,0(η)
]
−75η
3 − 63η2 − 35η − 105
840η3
f4(η, z) +
25η3 − 26η2 − 23η − 8
3360(η − 1)η2 f6(η, z)
+
Q29
40320(η − 1)η3z ln(η) +
η − 1
420η3
[
G
({
1
1− τ ,
1
ητ − η − τ ,
1
1− τ
}
, z
)
+G
({
1
1− τ ,
1
ητ − η − τ ,
1
τ
}
, z
)
− ln(η)G
({
1
1− τ ,
1
ητ − η − τ
}
, z
)]
− 1
420η3
[
H1,0,1 (z) + H1,0,0 (z)
]}
, (6.107)
with
Q29 = −15η5
(
15z5 − 25z4 − 8z3 + 34z2 − 14z + 3)+ 3η4(63z5 − 55z4 − 96z3
−10z2 + 34z − 15)+ η3(330z5 − 826z4 + 294z3 + 987z2 − 478z + 105)
+η2
(
126z5 − 154z4 + 294z3 − 273z2 + 178z − 15)+ ηz(− 105z4
+35z3 + 210z2 − 105z − 12)− 105z2(3z3 − 7z2 + 6z − 3) , (6.108)
Q30 = 75η
5(z − 1)2(15z3 + 5z2 − 13z + 3)+ η4(− 945z5 + 825z4 + 1440z3
+150z2 − 1247z + 225)− η3(1650z5 − 4130z4 + 1470z3 + 4935z2
−2602z + 525)− 5η2(126z5 − 154z4 + 294z3 − 273z2 + 78z − 15)
+35ηz
(
15z4 − 5z3 − 30z2 + 15z + 53)+ 525(z − 1)2z(3z2 − z + 1) , (6.109)
Q31 = 75η
5z
(
15z5 − 25z4 − 8z3 + 34z2 − 14z + 3)+ η4(− 945z6 + 825z5
69
+1440z4 + 150z3 + 722z2 − 2015z + 560)+ η3(− 1650z6 + 4130z5
−1470z4 − 4935z3 + 2558z2 + 1715z − 560)− 5η2z(126z5 − 154z4
+294z3 − 273z2 + 122z − 15)+ 5ηz2(105z4 − 35z3 − 210z2 + 105z
−324)+ 525z3(3z3 − 7z2 + 6z − 3) , (6.110)
Q32 = 3375η
4z
(
60z5 − 110z4 − 27z3 + 146z2 − 56z + 12)− 8η3(46575z6
−93825z5 − 4050z4 + 114075z3 − 51319z2 + 7605z + 3780)
+450η2z
(
168z5 − 434z4 + 77z3 + 574z2 − 232z + 290)− 360ηz2(525z4
−875z3 + 700z2 − 175z − 853)+ 23625z3(12z3 − 26z2 + 19z − 10) , (6.111)
Q33 = 105(1− 2z)z3 + 35ηz2
(− 2z2 + z + 1)− 21η2z(6z3 − 3z2 − 4z + 1)
+5η3
(
30z4 − 15z3 − 23z2 + 11z − 3) . (6.112)
Performing the Mellin transformation using HarmonicSums [40,106,107] one obtains
D6a(N) =
(
m21
)−3+ε (
m22
)ε/2(1 + (−1)N
2(N + 1)
){
− 1
45ε2
+
1
ε
[
1
90
S1 (N)
+
P24
1800η2(N − 1)N(N + 1)
]
− 75η
2 − 38η − 41
53760η2
ln2(η)
+
P21
26880η3(N + 1)(2N − 3)(2N − 1)
(
η
η − 1
)N+1 [
1
2
ln2(η)
− ln(η)S1
(
η − 1
η
,N
)
+ S1,1
(
η − 1
η
, 1, N
)
− S2
(
η − 1
η
,N
)]
+
2−2N−8
(
2N
N
)
P25
105η3(N + 1)(2N − 3)(2N − 1)
[
η
4(1− η) ln
2(η)− ln(η)− 2
+
1
2(η − 1)
N∑
i=1
22i(η − 1)−iηi(
2i
i
) [ln(η)S1(η − 1
η
, i
)
+ S2
(
η − 1
η
, i
)
−S1,1
(
η − 1
η
, 1, i
)
− 1
2
ln2(η)
]
+
√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]]
+
1
420η3
[
−S3(N)− S1
(
η
η − 1 , N
)
S1,1
(
η − 1
η
, 1, N
)
−S1,2
(
η − 1
η
,
η
η − 1 , N
)
+ S1,2
(
η
η − 1 ,
η − 1
η
,N
)
+S1,1,1
(
η − 1
η
, 1,
η
η − 1 , N
)
+ S1,1,1
(
η − 1
η
,
η
η − 1 , 1, N
)
+ ln(η)S1,1
(
η
η − 1 ,
η − 1
η
,N
)
− ln(η)S2(N)
]
+
75η3 − 63η2 − 35η − 105
13440η5/2
[
H−1,0,0 (
√
η) + H1,0,0 (
√
η)
]
− 1
403200η3(N + 1)(2N − 3)
[
P23S1 (N) + 5P22 ln(η)
]
− ln
2(η)
840η3
S1
(
η
η − 1 , N
)
− 1
360
[
S21(N) + S2 (N)
]− ζ2
120
70
− P20
9072000η3(N − 1)2N2(N + 1)2(2N − 3)
}
. (6.113)
Here we abbreviated the polynomials
P20 = η
3
(
196228N7 − 334662N6 − 190856N5 + 437484N4 + 770788N3 − 1514022N2
+131040N + 302400
)
+ η2
(− 309600N7 + 590400N6 + 150075N5 − 522675N4
−29475N3 − 67725N2 + 189000N)+ η(− 401580N7 + 899370N6 + 60660N5
−1056240N4 + 340920N3 + 156870N2)− 283500N7 + 567000N6 + 212625N5
−779625N4 + 70875N3 + 212625N2 , (6.114)
P21 =
(
375η2 − 138η − 13)N + 3 (125η2 − 38η + 41)− 4(6η + 169)N2 + 420N3 , (6.115)
P22 = 4
(
225η3 − 164η2 − 117η − 315)N2 − 2 (225η3 − 164η2 − 99η − 630)N
−3 (450η3 − 203η2 − 252η − 315) , (6.116)
P23 = −28
(
64η3 − 200η2 − 240η − 225)N2 + 4 (1344η3 − 700η2 − 795η − 1575)N
−9 (448η3 + 725η2 + 1150η + 525) , (6.117)
P24 =
(−8η2 + 25η + 30)N3 + 20η2N2 + (−12η2 − 25η − 30)N + 40η2 , (6.118)
P25 = 14
(
27η2 + 20η − 15)N + 3 (375η3 − 189η2 − 35η + 105)− 140(η + 9)N2
+840N3 . (6.119)
Assigning the masses for this diagram the other way yields diagram D6b. In z-space it reads
D6b(z) =
(
m21
)ε/2 (
m22
)−3+ε{− 1
45ε2
+
1
ε
[
10− 40z + (22 + 25η + 30η2) z2
1800z2
+
1
90
[
H1 (z)− ln (z)
]]
+
Q35 ln(z) + zQ37H1(z)− 5zQ38 ln(η)
201600(η − 1)ηz2
−
√
1− zQ36
3360ηz5/2
f1(η, z)− η (25− 26η − 23η
2 − 8η3)
3360(1− η) f5(η, z)−
ζ2
120
−75− 63η − 35η
2 − 105η3
840η
f3(η, z) +
Q34
18144000ηz2
− η
3
420
H1(z)H0,0(η)
− η
3
420
H1,0(z) ln(η) +
η3(η − 1)
420
[
G
({
1
1− τ ,
1
1− τ + ητ ,
1
1− τ
}
, z
)
+G
({
1
1− τ ,
1
1− τ + ητ ,
1
τ
}
, z
)
+ ln(η)G
({
1
1− τ ,
1
1− τ + ητ
}
, z
)]
− η
3
420
[
H1,0,1(z) + H1,0,0(z)− ζ2H1(z)
]− 1
180
[
H1,1(z) + H0,0(z)
]}
, (6.120)
where
Q34 = 23625η
4z3
(−10 + 19z − 26z2 + 12z3)− 360η3z2(−853− 175z
+700z2 − 875z3 + 525z4)+ 3375z (12− 56z + 146z2 − 27z3 − 110z4 + 60z5)
+450η2z
(
290− 232z + 574z2 + 77z3 − 434z4 + 168z5)− 8η(3780 +
7605z − 51319z2 + 114075z3 − 4050z4 − 93825z5 + 46575z6) , (6.121)
Q35 = −525η5z3
(−3 + 6z − 7z2 + 3z3)− 5η4z2 (−324 + 105z − 210z2 − 35z3 + 105z4)
71
−75z (3− 14z + 34z2 − 8z3 − 25z4 + 15z5)+ 5η3z(−15 + 122z − 273z2 + 294z3
−154z4 + 126z5)+ η (−560 + 2015z − 722z2 − 150z3 − 1440z4 − 825z5 + 945z6)
+η2
(
560− 1715z − 2558z2 + 4935z3 + 1470z4 − 4130z5 + 1650z6) , (6.122)
Q36 = 15 + (−55 + 21η)z +
(
115− 84η − 35η2) z2 − (−75 + 63η + 35η2 + 105η3) z3
+2
(−75 + 63η + 35η2 + 105η3) z4 , (6.123)
Q37 = −525η5(z − 1)2z
(
1− z + 3z2)− 75(z − 1)2 (3− 13z + 5z2 + 15z3)
−35η4z (53 + 15z − 30z2 − 5z3 + 15z4)+ 5η3(−15 + 78z − 273z2 + 294z3
−154z4 + 126z5)+ η (−225 + 1247z − 150z2 − 1440z3 − 825z4 + 945z5)
+η2
(
525− 2602z + 4935z2 + 1470z3 − 4130z4 + 1650z5) , (6.124)
Q38 = 105η
5z2
(
3z3 − 7z2 + 6z − 3)+ η4z (105z4 − 35z3 − 210z2 + 105z + 12)
+η3
(−126z5 + 154z4 − 294z3 + 273z2 − 178z + 15)− η2(330z5 − 826z4
+294z3 + 987z2 − 478z + 105)− 3η (63z5 − 55z4 − 96z3 − 10z2 + 34z − 15)
+15
(
15z5 − 25z4 − 8z3 + 34z2 − 14z + 3) . (6.125)
In Mellin space this corresponds to
D6b(N) =
(
m21
)ε/2 (
m22
)−3+ε(1 + (−1)N
2(N + 1)
){
− 1
45ε2
+
1
ε
[
1
90
S1 (N)
+
P26
1800(N − 1)N(N + 1)
]
+
41η2 + 38η − 75
53760
ln2(η)− ζ2
120
+
η(1− η)−N−1P31
26880(N + 1)(2N − 3)(2N − 1)
[
1
2
ln2(η)− S2 (1− η,N)
+S1,1 (1− η, 1, N) + ln(η)S1(1− η,N)
]
− 1
360
[
S21(N) + S2(N)
]
+
2−2N−8
(
2N
N
)
P30
105(N + 1)(2N − 3)(2N − 1)
[
1√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]
+
η
2(η − 1)
N∑
i=1
22i(1− η)−i(
2i
i
) (S1,1 (1− η, 1, i)− S2 (1− η, i)
+
1
2
ln2(η) + ln(η)S1(1− η, i)
)
+
ln2(η)
4(η − 1) + ln(η)− 2
]
+
η3
420
[
ln(η)S2(N)− S3(N)− S1
(
1
1− η ,N
)
S1,1 (1− η, 1, N)
+S1,2
(
1
1− η , 1− η,N
)
− S1,2
(
1− η, 1
1− η ,N
)
+S1,1,1
(
1− η, 1, 1
1− η ,N
)
+ S1,1,1
(
1− η, 1
1− η , 1, N
)
− ln(η)S1,1
(
1
1− η , 1− η,N
)
− 1
2
ln2(η)S1
(
1
1− η ,N
)]
−105η
3 + 35η2 + 63η − 75
13440
√
η
[
H−1,0,0 (
√
η) + H1,0,0 (
√
η)
]
72
−4P27 − (N − 1)
2N2(N + 1) (450P28 ln(η)− 90P29S1(N))
36288000(N − 1)2N2(N + 1)2(2N − 3)
}
, (6.126)
where
P26 =
(
30η2 + 25η − 8)N3 − (30η2 + 25η + 12)N + 20N2 + 40 , (6.127)
P27 = −4
(
70875η3 + 100395η2 + 77400η − 49057)N7 + 6(94500η3 + 149895η2
+98400η − 55777)N6 + (212625η3 + 60660η2 + 150075η − 190856)N5
−3 (259875η3 + 352080η2 + 174225η − 145828)N4 + (70875η3 + 340920η2
−29475η + 770788)N3 + 3 (70875η3 + 52290η2 − 22575η − 504674)N2 +
2520(75η + 52)N + 302400 , (6.128)
P28 = −315η3
(
4N2 − 4N − 3)+ η2 (−468N2 + 198N + 756)+ η(−656N2 + 328N
+609
)
+ 450
(
2N2 −N − 3) , (6.129)
P29 = 1575η
3
(
4N2 − 4N − 3)+ 30η2 (224N2 − 106N − 345)+ 25η(224N2 − 112N
−261)− 448(3− 2N)2 , (6.130)
P30 = 105η
3
(
8N3 − 12N2 − 2N + 3)− 35η2 (4N2 − 8N + 3)+ 189η(2N − 3)
+1125 , (6.131)
P31 = η
2
(
420N3 − 676N2 − 13N + 123)− 6η (4N2 + 23N + 19)+ 375(N + 1) . (6.132)
ma mb
Figure 11: D7, both mass assignments ma = m2,mb = m1 and ma = m1, mb = m2 yield the same
result due to symmetry reasons.
The ladder-type diagram D7 is symmetric under m1 → m2 and only one mass assignment
has to be considered. It evaluates to
D7(z) =
(
m21
)−3+3/2ε{− η + 1
24η2ε
+
Q40
8640η3z
+
(η3 + 1) (z2 − 1)
180η3z
[
H1,1 (z) + H1,0 (z)
]
+
(
16η − η2 − 8z − η3(8z − 27)
1440η3
+
(η3 + 1)
180η3
H1 (z)
)
H0,0 (η)
+
√
1− z
360η3
√
z
(
27 + 2(5η + 27)z +
(
27η2 − 10η − 81) z2) f1(η, z)
+
√
1− z
360η3
√
z
(
10η(z − 1)z − 27z2 + 27η2 (3z2 − 2z − 1)) f2(η, z)
− 1
90
H0,0,0 (η)− 27η
2 − 10η − 81
180η3
f3(η, z) +
81η2 + 10η − 27
180η3
f4(η, z)
73
−η
3 + 1
90η3
H1,0,0 (η) +
Q41
720(η − 1)η3z f5(η, z)−
Q43
720(η − 1)η3z f6(η, z)
+
27η2 + 10η + 27
2880η5/2
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)
− η
3 + 1
90η3
[
H0,1,1 (z) + H0,1,0 (z)
]
+
η3 + 1
180η3
[
H1,0,1 (z) + H1,0,0 (z)
]− (η3 + 1)z
180η3
[
H0,1 (z) + H0,0 (z)
]
+
η3 − 1
180η3
[
H1,0 (z) + 2H0,1 (z)
]
ln(η)− η + 1
1440η3
[
Q42H1 (z) +Q44H0 (z)
]
+
z (1− η3)
180η3
H0 (z) ln(η) +
1− η
180
[
G
({
1
1− τ ,
1
1− τ + ητ ,
1
1− τ
}
, z
)
+G
({
1
1− τ ,
1
1− τ + ητ ,
1
τ
}
, z
)
+ ln(η)G
({
1
1− τ ,
1
1− τ + ητ
}
, z
)]
−
(
η3 − 1)(z2 − 1)
180η3z
H1 (z) ln(η) +
1− η
90
[
G
({
1
τ
,
1
ητ − η − τ ,
1
1− τ
}
, z
)
+G
({
1
τ
,
1
ητ − η − τ ,
1
τ
}
, z
)
− ln(η)G
({
1
τ
,
1
ητ − η − τ
}
, z
)]
+
η3 + 1
180η3
ζ2
[
z − H1 (z)
]
+
(1− η)
180η3
[
G
({
1
1− τ ,
1
ητ − η − τ ,
1
1− τ
}
, z
)
+G
({
1
1− τ ,
1
ητ − η − τ ,
1
τ
}
, z
)
− ln(η)G
({
1
1− τ ,
1
ητ − η − τ
}
, z
)]
+
Q39
4320(η − 1)η3 ln(η) +
1− η
90η3
[
G
({
1
τ
,
1
1− τ + ητ ,
1
1− τ
}
, z
)
+G
({
1
τ
,
1
1− τ + ητ ,
1
τ
}
, z
)
+ ln(η)G
({
1
τ
,
1
1− τ + ητ
}
, z
)]}
, (6.133)
with
Q39 = 27
(
η4 + 1
)
z
(
6z3 − 11z2 + 3z + 3)− 2 (η2 + 1) η (22z3 − 66z2 − 15z
+63)− η2 (324z4 − 682z3 + 426z2 + 30z − 84)− 162η4 + 330η (6.134)
Q40 = −27
(
η3 + 1
)
z2
(
24z3 − 46z2 + 11z + 16)+ 648η3z + 408ηz
+(η + 1)η
(
648z5 − 1370z4 + 873z3 − 12z2 − 390z − 180) , (6.135)
Q41 = 4η
4(1− 2z)z + 4η5z2 + η3z(4z + 3) + 4(z2 − 1)− 8η(z2 + z − 1)
+η2
(
4z2 − 15z − 4) , (6.136)
Q42 = 9(1 + η
2)(z − 1)3(3z + 2) + 2η(5z4 − 33z3 + 42z2 + 14z − 43) , (6.137)
Q43 = −4z2 + 4ηz(2z − 1)− η2z(4z + 3) + η3
(− 4z2 + 15z + 4)
−4η5(z2 − 1)+ 8η4(z2 + z − 1) , (6.138)
Q44 = 9(1 + η
2)z
(
3z3 − 7z2 + 3z + 3)+ 2η(5z4 − 33z3 + 42z2 + 14z + 11) . (6.139)
The Mellin space-expression for this diagram reads
D7(N) =
(
m21
)−3+3/2ε(1 + (−1)N
2
){
− η + 1
24εη2(N + 1)
− (η
3 − 1) ln(η)
180η3(N + 1)
S2(N)
74
+
(η3 + 1)S3(N)
180η3(N + 1)
− 32 + 32η
3 + 11η(1 + η)N
(
N2 + 3N + 2
)
5760η3N(N + 1)2(N + 2)
ln2(η)
+
P35
5760η3N(N + 1)2(N + 2)
(
η
η − 1
)N+1 [
− ln(η)S1
(
η − 1
η
,N
)
+S1,1
(
η − 1
η
, 1, N
)
− S2
(
η − 1
η
,N
)
+
1
2
ln2(η)
]
+
(1− η)−N−1P36
5760η3N(N + 1)2(N + 2)
[
− ln(η)S1 (1− η,N) + S2 (1− η,N)
−S1,1 (1− η, 1, N)− 1
2
ln2(η)
]
+
(η3 − 1) ln(η)
90η3N(N + 1)2(N + 2)
S1(N)
−3N (η + 1)2
−2N−7(2N
N
)
5η2(N + 1)2
ln2(η)− (η − 1)2
−2N−7(2N
N
)
P40
45η3(N + 1)2(N + 2)
ln(η)
+
2−2N−8
(
2N
N
)
P33
45(η − 1)η3(N + 1)2(N + 2)
N∑
i=1
22i(η − 1)−iηi(
2i
i
) [S1,1(η − 1
η
, 1, i
)
−S2
(
η − 1
η
, i
)
− ln(η)S1
(
η − 1
η
, i
)
+
1
2
ln2(η)
]
+
2−2N−8
(
2N
N
)
P39
45(η − 1)η(N + 1)2(N + 2)
N∑
i=1
22i(1− η)−i(
2i
i
) [− ln(η)S1 (1− η, i)
+S2 (1− η, i)− S1,1 (1− η, 1, i)− 1
2
ln2(η)
]
+
2−2N−6
(
2N
N
)
P41
45η3(N + 1)2(N + 2)
+
1
η5/2
(
27η2 + 10η + 27
1440(N + 1)
− 2
−2N−6(2N
N
)
P32
45(N + 1)2(N + 2)
)[
H−1,0,0 (
√
η)
+H1,0,0 (
√
η)
]
+
η3 + 1
180η3N(N + 1)2(N + 2)
[
S2 (N)− S21(N)
]
+
1
2880η3(N + 1)2(N + 2)
(
η + 1
2
P34S1(N)− η + 1
N
P38 − P37
2
ln(η)
)
+
1
180(N + 1)
[
S1,2
(
1− η, 1
1− η ,N
)
− S1,2
(
1
1− η , 1− η,N
)
+S1
(
1
1− η ,N
)
S1,1 (1− η, 1, N)− S1,1,1
(
1− η, 1, 1
1− η ,N
)
−S1,1,1
(
1− η, 1
1− η , 1, N
)
+ ln(η)S1,1
(
1
1− η , 1− η,N
)]
+
1
180η3(N + 1)
[
S1,2
(
η − 1
η
,
η
η − 1 , N
)
− S1,2
(
η
η − 1 ,
η − 1
η
,N
)
+S1
(
η
η − 1 , N
)
S1,1
(
η − 1
η
, 1, N
)
− S1,1,1
(
η − 1
η
, 1,
η
η − 1 , N
)
−S1,1,1
(
η − 1
η
,
η
η − 1 , 1, N
)
− ln(η)S1,1
(
η
η − 1 ,
η − 1
η
,N
)]
+
ln2(η)
360(N + 1)
[
S1
(
1
1− η ,N
)
+
1
η3
S1
(
η
η − 1 , N
)]}
. (6.140)
75
This expression contains the polynomials
P32 = 27
(
1 + η2
) (
2N2 + 4N + 3
)− 10η(2N + 1) , (6.141)
P33 = 81η
2 − 10η(2N + 1) + 27 (4N2 + 8N + 3) , (6.142)
P34 = 27
(
1 + η2
) (
4N2 + 8N + 3
)
+ 2η
(
6N2 + 73N + 115
)
, (6.143)
P35 = 64η
3 − 64η2(N + 1) + 5ηN(N + 1)−N (54N2 + 103N + 17) , (6.144)
P36 = η
3N
(
54N2 + 103N + 17
)− 5η2N(N + 1) + 64η(N + 1)− 64 , (6.145)
P37 = 27
(
1− η3) (4N2 + 8N + 3)+ η2 (196N2 + 586N + 449)
+η
(
164N2 + 494N + 271
)
, (6.146)
P38 = 27
(
1 + η2
)
N
(
4N2 + 8N + 3
)
+ 2η
(
27N3 + 76N2 + 78N + 60
)
, (6.147)
P39 = 27
(
4N2 + 8N + 3
)
η2 − 10(2N + 1)η + 81 , (6.148)
P40 = 27
(
1 + η2
) (
4N2 + 8N + 3
)
+ 2η
(
54N2 + 98N − 5) , (6.149)
P41 = 27
(
1 + η3
) (
4N2 + 8N + 3
)
+ η (1 + η) (71− 20N) . (6.150)
ma
mb
Figure 12: D8a with ma = m2, mb = m1 and D8b with ma = m1, mb = m2, respectively.
Finally, we turn to the diagrams D8a,b. In z-space they contain contributions which have to be
regularized as in (6.45). For D8a this contribution is given by
D
(+)
8a (z) =
(
m21
)ε/2 (
m22
)−3+ε [ 1
90(1− z)
(
−1
ε
− 1
5
+
1
2
H1 (z)
)
−25 + (63η − 100)(1− z)
3360η(1− z)3/2
√
zf2(η, z)
]
. (6.151)
The regular contribution to D8a(z) reads
DReg8a (z) =
(
m21
)ε/2 (
m22
)−3+ε{(− 1
45ε2
− 1
225ε
+
7
20250
− ζ2
120
)
δ (1− z)
− 1
45ε2
+
1
ε
[
η
72
+
1
450
(
8− 5
z
)
+
1
90
H1 (z)− 1
90
ln (z)
]
+H1 (z)
(
Q46
201600(η − 1)η +
η3(z − 1)
420z
ln (η)
)
− ζ2
120
76
−
√
1− zQ48
3360η
√
z
f2(η, z)− 3η
3(z − 1) + 7z
1260z
H1,1 (z)− η
3(z − 1)
420z
H1,0 (z)
+
ηQ50
3360(η − 1)z f6(η, z)−
η (25− 6η + 105η2)
26880
H0,0 (η)− 1
180
H0,0 (z)
− Q47
201600(1− η)ηz ln (z)−
(
Q49
40320(1− η)η +
η3
420
H0,1 (z)
)
ln (η)
+
Q45
18144000ηz
− η
3
420
(1− η)
[
G
({
1
τ
,
1
ητ − η − τ ,
1
1− τ
}
, z
)
+G
({
1
τ
,
1
ητ − η − τ ,
1
τ
}
, z
)
− ln(η)G
({
1
τ
,
1
ητ − η − τ
}
, z
)]
+
75− 63η − 35η2 − 105η3
840η
[
f4(η, z) +
√
η
64
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)]
+
η3
420
[
H1,0,0 (η) + H0,1,1 (z) + H0,1,0 (z) + H0,0,0 (η)
]}
, (6.152)
with
Q45 = 16875z
2
(
2 + 3z − 26z2 + 12z3)+ 23625η4z (−12 + 14z + z2 − 22z3 + 12z4)
−12600η3 (−12− 3z + 25z2 + 5z3 − 35z4 + 15z5)+ 450η2 (280 + 30z
+238z2 − 301z3 − 238z4 + 168z5)− 8η (5040− 10864z − 675z2 + 6075z3
−92475z4 + 46575z5) , (6.153)
Q46 = 525η
5(z − 1)2 (−1 + z + 3z2)+ η2 (−1332 + 1845z + 270z2 + 2470z3 − 1650z4)
−175η4 (13− 9z − 12z2 + 11z3 − 3z4)− 5η3 (4 + 315z + 210z2 − 350z3 + 126z4)
+3η
(
619− 500z − 690z2 + 985z3 − 315z4)+ 375 (1 + 2z2 − 7z3 + 3z4) , (6.154)
Q47 = 375z
3
(
2− 7z + 3z2)+ 525η5z2 (3− 5z2 + 3z3)+ 5η4z (−96 + 315z + 420z2
−385z3 + 105z4)− 5η3z (−376 + 315z + 210z2 − 350z3 + 126z4)+ η2 (−1120
−728z + 1845z2 + 270z3 + 2470z4 − 1650z5)− η (−1120 + 672z + 1500z2
+2070z3 − 2955z4 + 945z5) , (6.155)
Q48 = 75(1− 2z)z + 63ηz(−1 + 2z) + 35η2z(−1 + 2z) + 105η3
(−1− z + 2z2) , (6.156)
Q49 = −75z2
(
2− 7z + 3z2)+ 3ηz (100 + 138z − 197z2 + 63z3)− 35η4 (−3 + 9z
+12z2 − 11z3 + 3z4)− 105η5 (−3 + 3z − 5z3 + 3z4)+ η3 (−395 + 315z
+210z2 − 350z3 + 126z4)+ η2 (−25− 369z − 54z2 − 494z3 + 330z4) , (6.157)
Q50 = −8η4(z − 1)− 25z + 26ηz + 8η3(−2 + 3z) + η2(8 + 15z) . (6.158)
In Mellin space one obtains
D8a(N) =
(
m21
)ε/2 (
m22
)−3+ε(1 + (−1)N
2(N + 1)
){
−N + 2
45ε2
+
1
ε
[
1
90
(N + 2)S1 (N)− 8N
3 + (4− 25η)N2 − (25η + 24)N + 20
1800N(N + 1)
]
−7N
(
N2 + 3N + 2
)− 3η3
2520N(N + 1)
S21(N) +
10P44 ln(η)− 2P45S1 (N)
806400η(N + 1)
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−7N
(
N2 + 3N + 2
)
+ 3η3
2520N(N + 1)
S2(N) + η
3 ln
2(η)− 2 ln(η)S1(N)
840N(N + 1)
+
(η − 1)−N−1ηN
26880N(N + 1)
P42
[
ln(η)S1
(
η − 1
η
,N
)
+ S2
(
η − 1
η
,N
)
−S1,1
(
η − 1
η
, 1, N
)
− 1
2
ln2(η)
]
+
P46
9072000ηN2(N + 1)2
− ζ2
120
(N + 2) +
2−2N−8
(
2N
N
)
P43
105η(N + 1)
[
√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]
+
1
2(η − 1)
N∑
i=1
22i(η − 1)−iηi(
2i
i
) (S2(η − 1
η
, i
)
− S1,1
(
η − 1
η
, 1, i
)
+ ln(η)S1
(
η − 1
η
, i
)
− 1
2
ln2(η)
)
− η
4(η − 1) ln
2(η)− ln(η)− 2
]}
, (6.159)
with the polynomials
P42 = 64η
4 − 64η3(N + 1)− 3η2N(N + 1) + 2ηN (88N2 + 245N + 157)
−25N (4N3 + 20N2 + 31N + 15) , (6.160)
P43 = 105η
3 − 35η2(2N + 1)− 63η (4N2 + 8N + 3)+ 25(8N3 + 36N2
+46N + 15
)
, (6.161)
P44 = 192η
3 − η2(538N + 547)− 6η (76N2 + 52N − 93)+ 75(8N3 + 36N2
+46N + 15
)
, (6.162)
P45 = 960η
3 + 5η2(22N + 13) + η
(−3176N2 − 2008N + 5478)
+375
(
8N3 + 36N2 + 46N + 15
)
, (6.163)
P46 = 10800η
3N
(
9N2 + 16N + 7
)
+ 225η2N
(
478N3 + 945N2 + 747N + 280
)
−4η (58616N5 + 203774N4 + 241285N3 + 101167N2 − 32760N − 12600)
+16875N2
(
8N4 + 44N3 + 82N2 + 61N + 15
)
. (6.164)
For diagram D8b the part that requires regularization reads
D
(+)
8b (z) =
(
m21
)−3+ε (
m22
)ε/2{ 1
90(1− z)
(
−1
ε
− 1
5
+
1
2
H1 (z)
)
+
63(1− z) + 25η(4z − 3)
3360η(1− z)3/2
√
zf1(η, z)
}
, (6.165)
and the regular contribution is given by
DReg8b (z) =
(
m21
)−3+ε (
m22
)ε/2{(− 1
45ε2
− 1
225ε
+
7
20250
− ζ2
120
)
δ (1− z)
− 1
45ε2
+
1
ε
[
1
72η
+
1
450
(
8− 5
z
)
+
1
90
H1 (z)− 1
90
ln (z)
]
+H1 (z)
(
Q52
201600(η − 1)η3 +
1− z
420η3z
ln (η)
)
+
Q54
18144000η3z
−
√
1− zQ55
3360η3
√
z
f1(η, z) +
Q53
201600(η − 1)η3z ln (z)
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+
8(η − 1)2 − (25η4 − 26η3 − 15η2 − 24η + 8) z
3360(η − 1)η3z f5(η, z)
+
75η3 − 138η2 + 3η − 64
26880η2
H0,0 (η) +
3− 3z − 7η3z
1260η3z
H1,1 (z)
+
(
Q51
40320(η − 1)η3 +
1
420η3
H0,1 (z)
)
ln (η) +
1− z
420η3z
H1,0 (z)
− 1
180
H0,0 (z)− ζ2
120
+
η − 1
420η3
[
G
({
1
τ
,
1
1− τ + ητ ,
1
1− τ
}
, z
)
+G
({
1
τ
,
1
1− τ + ητ ,
1
τ
}
, z
)
+ ln(η)G
({
1
τ
,
1
1− τ + ητ
}
, z
)]
+
75η3 − 63η2 − 35η − 105
840η3
[
f3(η, z) +
√
η
64
G
({ √
τ
1− τ ,
1
τ
,
1
τ
}
, η
)]
+
1
420η3
[
H0,1,1 (z) + H0,1,0 (z) + H1,0,0 (η)
]}
, (6.166)
with the polynomials
Q51 = −75η5
(
3z4 − 7z3 + 2z2 + 3)+ 3η4(63z4 − 197z3 + 138z2 + 100z + 63)
+η3
(
330z4 − 494z3 − 54z2 − 369z + 305)+ η2(126z4 − 350z3 + 210z2
+315z − 269)− 35ηz(3z3 − 11z2 + 12z + 9)− 105z(3z3 − 5z2 + 3) , (6.167)
Q52 = −375η5
(
3z4 − 7z3 + 2z2 + 1)+ 3η4(315z4 − 985z3 + 690z2 + 500z − 619)
+η3
(
1650z4 − 2470z3 − 270z2 − 1845z + 1332)+ 5η2(126z4 − 350z3
+210z2 + 315z + 4
)− 175η(3z4 − 11z3 + 12z2 + 9z − 13)
−525(z − 1)2(3z2 + z − 1) , (6.168)
Q53 = −375η5z3
(
3z2 − 7z + 2)+ η4(945z5 − 2955z4 + 2070z3 + 1500z2 + 672z
−1120)+ η3(1650z5 − 2470z4 − 270z3 − 1845z2 + 728z + 1120)
+5η2z
(
126z4 − 350z3 + 210z2 + 315z − 376)− 5ηz(105z4 − 385z3 + 420z2
+315z − 96)− 525z2(3z3 − 5z2 + 3) , (6.169)
Q54 = 16875η
4z
(
12z4 − 26z3 + 3z2 + 2z + 12)− 8η3(46575z5 − 92475z4 + 6075z3
−675z2 + 35711z + 5040)+ 450η2(168z5 − 238z4 − 301z3 + 238z2
+198z + 280
)− 12600η(15z5 − 35z4 + 5z3 + 25z2 + 12z − 12)
+23625z2
(
12z3 − 22z2 + z + 14) , (6.170)
Q55 = 105 +
(− 75η3 + 63η2 + 35η + 105)z + 2(75η3 − 63η2 − 35η − 105)z2 . (6.171)
Finally, one obtains the N -space representation
D8b(N) =
(
m21
)−3+ε (
m22
)ε/2(1 + (−1)N
2(N + 1)
){
−N + 2
45ε2
+
1
ε
[
1
90
(N + 2)S1 (N)−
4η
(
2N3 +N2 − 6N + 5)− 25N(N + 1)
1800ηN(N + 1)
]
−7η
3N
(
N2 + 3N + 2
)− 3
2520η3N(N + 1)
S21(N)−
10P49 ln(η) + 2P50S1 (N)
806400η2(N + 1)
79
−7η
3N
(
N2 + 3N + 2
)
+ 3
2520η3N(N + 1)
S2(N) +
ln2(η) + 2 ln(η)S1(N)
840η3N(N + 1)
+
(1− η)−N−1P47
26880η3N(N + 1)
[
ln(η)S1 (1− η,N)− S2 (1− η,N)
+S1,1 (1− η, 1, N) + 1
2
ln2(η)
]
+
P51
9072000η2N2(N + 1)2
− ζ2
120
(N + 2) +
2−2N−8
(
2N
N
)
P48
105η2(N + 1)
[
1√
η
[
H−1,0,0(
√
η) + H1,0,0(
√
η)
]
+
η
2(η − 1)
N∑
i=1
22i(1− η)−i(
2i
i
) (S1,1 (1− η, 1, i)− S2 (1− η, i)
+ ln(η)S1 (1− η, i) + 1
2
ln2(η)
)
+
ln2(η)
4(η − 1) + ln(η)− 2
]}
. (6.172)
Here the polynomials read
P47 = 25η
4N
(
4N3 + 20N2 + 31N + 15
)− 2η3N (88N2 + 245N + 157)
+3η2N(N + 1) + 64η(N + 1)− 64 , (6.173)
P48 = 25η
3
(
8N3 + 36N2 + 46N + 15
)− 63η2 (4N2 + 8N + 3)− 35η(2N + 1)
+105 , (6.174)
P49 = 75η
3
(
8N3 + 36N2 + 46N + 15
)− 6η2 (76N2 + 52N − 93)− η(538N + 547)
+192 , (6.175)
P50 = 375η
3
(
8N3 + 36N2 + 46N + 15
)
+ η2
(−3176N2 − 2008N + 5478)
+5η(22N + 13) + 960 , (6.176)
P51 = 16875η
3N2
(
8N4 + 44N3 + 82N2 + 61N + 15
)− 4η2(58616N5 + 203774N4
+241285N3 + 101167N2 − 32760N − 12600)+ 225ηN(478N3 + 945N2
+747N + 280
)
+ 10800N
(
9N2 + 16N + 7
)
. (6.177)
With the exception of D1 and D3, in z-space the scalar Agg,Q diagrams cannot be expressed
within the class of the usual harmonic polylogarithms [56], but generalizations thereof occur.
These are given in terms of iterated integrals over the following letters{
dτ
1− τ ,
dτ
τ
,
√
τ dτ
1− τ ,
√
1− τ√τ dτ, dτ
ητ − τ + 1 ,
√
1− τ√τ dτ
ητ − τ + 1 ,
dτ
ητ − η − τ ,
√
1− τ√τ dτ
ητ − η − τ
}
.
(6.178)
In Mellin-space all scalar Agg,Q-diagrams can be expressed in terms of ln(η), the harmonic
polylogarithms H−1,0,0(
√
η), H1,0,0(
√
η), alternating harmonic sums, η-dependant generalized har-
monic sums and η-dependent finite binomial sums. For fixed values of the Mellin variable N ,
these η-dependent sums turn into rational functions in η. Thus for fixed Mellin moments, all
diagrams are given in terms of the ln(η) and the combination H−1,0,0(
√
η) + H1,0,0(
√
η) with
rational coefficients in η.
The summands of many of these sums diverge for η → 1 due to factors as (1 − η)−j, where
j is a summation index which assumes positive integer values. Furthermore, also contributions
∝ (1 − η)−N emerge. Physically the limit η → 1 represents the equal mass case m1 = m2 [24]
and thus the diagrams are expected to be convergent in this limit. Due to the many individually
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divergent terms this is highly non-trivial to prove for general values of N . However, evaluating
a series of Mellin moments N = 2 . . . 30, yields convergent results for η = 1, which agree with
the results given in Ref. [24] previously. This indicates that these apparent divergences are just
a relic of this specific representation which has been applied. By induction one may prove that
the result is valid at general values of N . The diagrams (D2a, D2b), (D4a, D4b), (D5a, D5b),
(D6a, D6b) and (D8a, D8b) have all been computed independently. One notes that as expected
the respective z- and Mellin-space results can be translated into each other by interchanging
the masses m1 ↔ m2, η → 1/η. Furthermore, the results for the mass-symmetric diagrams D1,
D3 and D7 turn out to be invariant under this interchange, which constitutes a further check of
these results.
For all scalar A
(3)
gg,Q-topologies, series expansions up to O(η
3 ln3(η)) for a series of fixed Mellin
moments (N = 2, 4, 6) have been computed using the code Q2e/Exp [73, 74]. All the general N
and general-η results agree with these expansions.
7 Conclusions
Genuine two-mass contributions to the Wilson coefficients and the transition matrix elements in
the VFNS occur at 3-loop order in QCD. We derived the renormalization of these contributions,
which extends the single mass case considered earlier in Ref. [1]. Although the new contributions
manifest themselves as two-mass contributions in single diagrams carrying local operators, it is
possible to assign a diagram to either of the heavy flavor distributions in the VFNS by the
quark species carrying the operator. The diagrams arise from separating off the massless Wilson
coefficient in the light-cone expansion. Through this, one knows the charge assignment for the
corresponding diagram. In this way an asymmetric separation of the otherwise symmetric OMEs
under m1 ↔ m2 occurs. This only applies to the OMEs A(3),PSQq and A(3)Qg. All other OMEs enter
the VFNS in a mass-symmetric way.
In a first step we have calculated a series of moments (N = 2, 4, 6) for all contributing
massive OMEs and presented the constant part of the unrenormalized genuine two-mass OME.
With current technologies [73, 74], the 6th moment required one CPU year of computational
time. For a series of OMEs, the solution for general values of the mass ratio η, and at general
values of the Mellin variable N , could be derived along with its z-space representation. This
is the case for the OMEs A
NS,(3)
qq,Q , A
NS,TR,(3)
qq,Q and A
(3)
qg,Q. The corresponding expressions depend
on harmonic sums, weighted with a (poly)logarithmic dependence on the mass ratio. In these
cases we presented also numerical results studying their relative contribution to the complete
O(T 2F )-term of the OMEs A
(3)
ij in a wide range of x and Q
2, in order to illustrate the two mass
effects compared to the single mass contributions. In all cases these ratios vary between 0 and
∼ 0.5 in part of the kinematic region, exhibiting scaling violations.
We have also calculated all the scalar topologies appearing in the more involved case of the
OME A
(3)
gg,Q. Here, more advanced computation methods were required. The corresponding
integrals do not allow an expansion in the mass ratio at general values of N , so we calculated
these integrals exactly. In z-space the corresponding integrals could be represented in terms
of iterated two-variate and partly root-valued integrals, the G-functions, see also Appendix B.
Associated to it, one obtains in Mellin-N space, sum representations containing functions of η
in denominators, with a formally divergent behaviour as η → 1. However, since N ∈ N, one
obtains convergent representations for each individual integer N in this limit. Also because of
this behaviour, the inverse Mellin transform to z-space requires a series of special steps, which we
have outlined. It is expected that the corresponding representation in the case of the two-mass
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contributions to the OME A
(3)
Qg is even more involved, since already in the equal mass case elliptic
integrals and iteration of other letters over them contribute.
A Massive Operator Matrix Elements in z-Space
In the following, we present a series of genuine two-mass contributions in z-space. These are
distribution-valued and consist of the three parts Aδij, A
+
ij(z) and A
reg
ij (z). The Mellin convolution
of the OMEs with a function f(z) is defined by, cf. e.g. [110],
A(z)⊗ f(z) = Aδf(1) +
∫ 1
z
dyA+(y)
[
1
y
f
(
z
y
)
− f(z)
]
− f(z)
∫ z
0
dyA+(y)
+
∫ 1
z
dy
y
Areg(y)f
(
z
y
)
. (A.1)
In the flavor non-singlet case, the parts of the OME are given by
A˜
NS,(3),δ
qq,Q = CFT
2
F
{
−2068
81
−
[
584
27
+ 16ζ2
]
(L1 + L2)− 16
9
(
L21 + L
2
2
)
−16
3
(
L21L2 + L
2
2L1
)− 64
9
(
L31 + L
3
2
)− 16
9
ζ2 − 64
9
ζ3
}
+ a˜
NS,(3),δ
qq.Q , (A.2)
A˜
NS,(3),+
qq,Q =
CFT
2
F
z − 1
{[
3584
81
+
640
27
ln(z) +
64
9
ln2(z) +
64
3
ζ2
]
(L1 + L2)
+
[
640
27
+
128
9
ln(z)
] (
L21 + L
2
2
)
+
64
9
(
L21L2 + L
2
2L1
)
+
256
27
(
L31 + L
3
2
)
+
(
3584
81
+
128
9
ζ2
)
ln(z) +
320
27
ln2(z)
+
64
27
ln3(z) +
640
27
ζ2 +
256
27
ζ3 +
20992
243
}
+ a˜
NS,(3),+
qq,Q , (A.3)
A˜
NS,(3),Reg
qq,Q = CFT
2
F
{
64
243
(377z − 49) +
[
64
81
(67z − 11) + 64
27
(11z − 1) ln(z)
+
32
9
(z + 1)
(
ln2(z) + 3ζ2
)]
(L1 + L2) +
[
64
27
(11z − 1)
+
64
9
(z + 1) ln(z)
] (
L21 + L
2
2
)
+
32
9
(z + 1)
(
L21L2 + L
2
2L1
)
+
128
27
(z + 1)
(
L31 + L
3
2
)
+
[
64
81
(67z − 11) + 64
9
(z + 1)ζ2
]
ln(z)
+
32
27
(11z − 1) (ln2(z) + 2ζ2)+ 32
27
(z + 1)
(
ln3(z) + 4ζ3
)}
+ a˜
NS,(3),Reg
qq,Q .(A.4)
The contributions to the constant two-mass term of the unrenormalized non-singlet OME are
a˜
NS,(3),δ
qq,Q = CFT
2
F
{
8
(
L31 + L
3
2 + (L1L2 + 2ζ2 + 5)(L1 + L2)
)
+
4
3
(L1 + L2)
2
82
+
4
243
(
−405η + 532− 405
η
)
− 10
(
η2 − 1)
3η
ln(η)− 8
9
ln3(η) +
16ζ2
9
− 64ζ3
9
+
η + 1
η3/2
(
5η2 + 22η + 5
)[ 1
12
ln2(η) ln
(
1 + η1
1− η1
)
− 2
3
ln(η)Li2(η1) +
4
3
Li3(η1)
]
+
T1
6η3/2
[
ln(η)Li2(η)− Li3(η)
]− [(η + 5)(5η + 1)
6η
− 16
3
ln(1− η)
]
ln2(η)
}
,
(A.5)
where
T1 = 5η
3 + 27η2 + 64η3/2 + 27η + 5, (A.6)
a˜
NS,(3)+
qq,Q =
CFT
2
F
z − 1
{
−32
3
[
L31 + L
3
2 +
(
L1L2 + 2ζ2 +
58
9
)
(L1 + L2)
]
+
32
27
ln3(η)
−
(
160
9
+
32
3
ln(z)
)
(L1 + L2)
2 − 64
9
(
ln2(z) +
10
3
ln(z)
)
(L1 + L2)
+
16
(
405η2 − 3238η + 405)
729η
+
40
(
η2 − 1)
9η
ln(η)− 640
27
ζ2 +
256
27
ζ3
− 2T1
9η3/2
[
ln(η)Li2(η)− Li3(η)
]− (3712
81
+
128
9
ζ2
)
ln(z)− 128
81
ln3(z)
−5η
3 + 27η2 + 27η + 5
9η3/2
[
ln2(η) ln
(
1 + η1
1− η1
)
− 8 ln(η)Li2(η1) + 16Li3(η1)
]
+
[
2
(
5η2 + 2η + 5
)
9η
− 64
9
ln(1− η)− 32
9
ln(z)
]
ln2(η)− 640
81
ln2(z)
}
, (A.7)
a˜
NS,(3),Reg
qq,Q = CFT
2
F
{
−16
3
(z + 1)
[
L31 + L
3
2 +
(
L1L2 +
2
3
ln2(z) + 2ζ2 +
2
3
)
(L1 + L2)
]
+
16
9
(
1− 11z − 3(z + 1) ln(z))(L1 + L2)2 + 20 (η2 − 1) (z + 1)
9η
ln(η)
−32
27
(
52z + (22z − 2) ln(z))(L1 + L2) + 128
27
(z + 1)
[
1
8
ln3(η)− 1
6
ln3(z)
+ζ3
]
+
8T2
729η
+
T3
9η3/2
(
√
η + 1)2 (z + 1)
[
Li3(η)− ln(η)Li2(η)
]
− z + 1
18η3/2
(
5η3 + 27η2 + 27η + 5
) [
ln2(η) ln
(
1 + η1
1− η1
)
− 8 ln(η)Li2(η1)
+16Li3(η1)
]
+
[
T4
9η
− 16
9
(z + 1) [2 ln(1− η) + ln(z)]
]
ln2(η)
−64
81
[
9(z + 1)ζ2 + 55z + 3
]
ln(z)− 64
27
(11z − 1)
[
1
3
ln2(z) + ζ2
]}
, (A.8)
with
T2 = η(1658− 8134z) + 405(z + 1) + 405η2(z + 1) , (A.9)
T3 = 5η
2 − 10η3/2 + 42η − 10√η + 5 , (A.10)
T4 = η(34− 30z) + 5(z + 1) + 5η2(z + 1) . (A.11)
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For transversity one obtains
A˜
NS,TR,(3),δ
qq,Q = CFT
2
F
{
−2068
81
−
(
584
27
+ 16ζ2
)
(L1 + L2)− 16
9
(
L21 + L
2
2
)
−16
3
(
L21L2 + L
2
2L1
)− 64
9
(
L31 + L
3
2
)− 16
9
ζ2 − 64
9
ζ3
}
+ a˜
NS,TR,(3),δ
qq,Q , (A.12)
A˜
NS,TR,(3),+
qq,Q =
CFT
2
F
z − 1
{
20992
243
+
[
3584
81
+
640
27
ln(z) +
64
9
ln2(z) +
64
3
ζ2
]
(L1 + L2)
+
[
640
27
+
128
9
ln(z)
] (
L21 + L
2
2
)
+
64
9
(
L21L2 + L
2
2L1
)
+
256
27
(
L31 + L
3
2
)
+
(
3584
81
+
128
9
ζ2
)
ln(z) +
320
27
ln2(z) +
64
27
ln3(z) +
640
27
ζ2
+
256
27
ζ3
}
+ a˜
NS,TR,(3),+
qq,Q , (A.13)
A˜
NS,TR,(3),Reg
qq,Q = CFT
2
F
{
64
243
(45z + 283) +
[
64
81
(9z + 47) +
640
27
ln(z) +
64
9
ln2(z)
+
64
3
ζ2
]
(L1 + L2) +
64
9
(
L21L2 + L
2
2L1
)
+
256
27
(
L31 + L
3
2
)
+
(
64
81
(9z + 47) +
128
9
ζ2
)
ln(z) +
320
27
ln2(z) +
64
27
ln3(z)
+
[
128
9
ln(z) +
640
27
] (
L21 + L
2
2
)
+
640
27
ζ2 +
256
27
ζ3
}
+ a˜
NS,TR,(3),Reg
qq,Q , (A.14)
with
a˜
NS,TR,(3),δ
qq,Q = CFT
2
F
{
8
(
L31 + L
3
2 + (L1L2 + 2ζ2 + 5)(L1 + L2)
)
+
4
3
(L1 + L2)
2
+
4
243
(
−405η + 532− 405
η
)
+
10 (1− η2)
3η
ln(η)− 8
9
ln3(η)
+
[
−(η + 5)(5η + 1)
6η
+
16
3
ln(1− η)
]
ln2(η) +
16
9
ζ2 − 64
9
ζ3
+
2(η + 1)
3η3/2
(5η2 + 22η + 5)
[
2Li3(η1)− ln(η)Li2(η1)
+
1
8
ln2(η) ln
(
1 + η1
1− η1
)]
+
(1 +
√
η)2
6η3/2
T3
[
ln(η)Li2(η)− Li3(η)
]}
, (A.15)
a˜
NS,TR,(3),+
qq,Q =
CFT
2
F
z − 1
{
−32
3
L31 −
32
3
L32 −
32
3
(
L1L2 + 2ζ2 +
58
9
)
(L1 + L2)
−
(
160
9
+
32
3
ln(z)
)
(L1 + L2)
2 − 64
9
(
ln2(z) +
10
3
ln(z)
)
(L1 + L2)
+
16
(
405η2 − 3238η + 405)
729η
− 40
(
1− η2)
9η
ln(η) +
32
27
ln3(η)
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+[
2
(
5η2 + 2η + 5
)
9η
− 64
9
ln(1− η)− 32
9
ln(z)
]
ln2(η)
−
(
3712
81
+
128
9
ζ2
)
ln(z)− 8(η + 1)
9η3/2
(5η2 + 22η + 5)
[
2Li3(η1)
− ln(η)Li2(η1) + 1
8
ln2(η) ln
(
1 + η1
1− η1
)]
− 640
27
ζ2 +
256
27
ζ3
−2(1 +
√
η)2
9η3/2
T3
[
ln(η)Li2(η)− Li3(η)
]− 640
81
ln2(z)− 128
81
ln3(z)
}
, (A.16)
a˜
NS,TR,(3),Reg
qq,Q = CFT
2
F
{
−32
3
L31 −
32
3
L32 −
32
3
(
L1L2 +
20
9
ln(z) +
2
3
ln2(z)
+
2
3
z + 2ζ2 +
52
9
)
(L1 + L2)−
(
160
9
+
32
3
ln(z)
)
(L1 + L2)
2
+
16 (405η2 − 2878η − 360ηz + 405)
729η
− 40 (1− η
2)
9η
ln(η) +
256
27
ζ3
−ζ2
(
128
9
ln(z) +
640
27
)
− 128
81
ln3(z)− 640
81
ln2(z)− 128
81
(3z + 26) ln(z)
+
[
2 (5η2 + 2η + 5)
9η
− 64
9
ln(1− η)− 32
9
ln(z)
]
ln2(η)
+
32
27
ln3(η)− 8(η + 1)
9η3/2
(5η2 + 22η + 5)
[
2Li3(η1)− ln(η)Li2(η1)
+
1
8
ln2(η) ln
(
1 + η1
1− η1
)]
− 2(1 +
√
η)2
9η3/2
T3
[
ln(η)Li2(η)− Li3(η)
]}
. (A.17)
Using the shorthand
p˜(0)gq =
1 + (1− z)2
z
(A.18)
the OME A˜
(3)
gq,Q is given by
A˜
(3)
gq,Q = CFT
2
F
{
−512 (31z
2 − 41z + 41)
81z
− 128
9
p(0)gq ζ3 −
[
64
27z
(
43z2 − 56z + 56)
+
128
9z
(
4z2 − 5z + 5) ln(1− z) + 32
3
p(0)gq ln
2(1− z) + 32p(0)gq ζ2
]
(L1 + L2)
−
[
128
9z
(
4z2 − 5z + 5)+ p(0)gq 643 ln(1− z)
] (
L21 + L
2
2
)− 32
9
p(0)gq ln
3(1− z)
−
(
64
27z
(
43z2 − 56z + 56)+ 64
3
p(0)gq ζ2
)
ln(1− z)− 32
3
p(0)gq
(
L21L2 + L
2
2L1
)
−128
9
p(0)gq
(
L31 + L
3
2
)− 64
9z
(
4z2 − 5z + 5) [ ln2(1− z) + 2ζ2]}+ a˜(3)gq,Q, (A.19)
with
a˜
(3)
gq,Q = CFT
2
F
{
16p(0)gq
[
L31 + L
3
2 +
(
L1L2 +
20
9
ln(1− z) + 2
3
ln2(1− z)
85
+2ζ2 +
58
9
)
(L1 + L2)
]
+ 16
[
z + p(0)gq
(
5
3
+ ln(1− z)
)]
(L1 + L2)
2
+z
(
320
9
+
64
3
ln(1− z)
)
(L1 + L2)− 20(η
2 − 1)
3η
p(0)gq ln(η)
− 8T8
243ηz
+
64
3
(
39z2 − 58z + 58
9z
+ ζ2p
(0)
gq
)
ln(1− z)− 128
9
ζ3p
(0)
gq
+
(√
η + 1
)2
η3/2
p(0)gq T5
[
2
3
ln(η)Li2(−η1) + 1
6
ln2(η) ln(1 + η1)− 4
3
Li3(−η1)
]
+
(√
η − 1)2
η3/2
p(0)gq T6
[
−2
3
ln(η)Li2(η1)− 1
6
ln2(η) ln(1− η1) + 4
3
Li3(η1)
]
+
64
27
p(0)gq ln
3(1− z)−
[
T7
3ηz
− 16
3
p(0)gq ln(1− z)
]
ln2(η)− 16
9
p(0)gq ln
3(η)
+
128
9z
(
4z2 − 5z + 5) [1
3
ln2(1− z) + ζ2
]}
, (A.20)
and the polynomials
T5 = −10η3/2 + 5η2 + 42η − 10√η + 5 , (A.21)
T6 = 10η
3/2 + 5η2 + 42η + 10
√
η + 5 , (A.22)
T7 = 5η
2z2 − 10η2z + 10η2 − 14ηz2 − 4ηz + 4η + 5z2 − 10z + 10 , (A.23)
T8 = 405η
2z2 − 810η2z + 810η2 − 5326ηz2 + 6476ηz − 6476η
+405z2 − 810z + 810 . (A.24)
B Formulae
In the following, we list a series of useful relations between the iterated G-integrals and some of
their special values. In the case where the letters in the alphabet are restricted to 1
x
, 1
1−x ,
1
1+x
,
the G-integrals correspond, of course, to the standard harmonic polylogarithms.
G ({wa1 , ...,wak} , z) ≡ Ha1,...,ak(z), wai =
a2i + ai − 1
ai − x , ai ∈ {0, 1,−1} . (B.1)
For G-functions of weight one, we have the following identities:
G
({√
x(1− x)
}
, z
)
=
1
4
[
−
√
z(1− z)(1− 2z) + arcsin(√z)
]
, (B.2)
G
({ √
x(1− x)
1− x(1− η)
}
, z
)
=
1
(1− η)2
[
(1 + η) arcsin(
√
z)− (1− η)
√
z(1− z)
−2√η arctan
(√
ηz
1− z
)]
, (B.3)
G
({ √
x
1− x
}
, z
)
= −2√z + H−1
(√
z
)
+ H1
(√
z
)
, (B.4)
G
({
1
1− x(1− η)
}
, 1
)
= −H0(η)
1− η , (B.5)
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G({ √
x(1− x)
1− x(1− η)
}
, 1
)
=
pi
2(1 +
√
η)2
, (B.6)
G
({
1
1 +
√
x
}
, 1
)
= 2− 2 ln(2) , (B.7)
G
({ √
x√
1− x
}
, 1
)
=
pi
2
. (B.8)
For G-functions of weight two, we have,
G
({ √
x
1− x,
1
x
}
, z
)
= 2H−1
(√
z
)
H0
(√
z
)− 2H0,−1 (√z)
+2H0
(√
z
)
H1
(√
z
)− 2H0,1 (√z)
−4√z [−1 + H0 (√z)] , (B.9)
G
({ √
x
1− x,
1
x
}
,
1
z
)
=
4(z + 1)√
z
− 6ζ2 − 2 (z − 1)√
z
H0 (z)
−G
({ √
x
1− x,
1
x
}
, z
)
, (B.10)
G
({
1
1− x(1− η) ,
1
1− x
}
, 1
)
=
1
1− η
[
ζ2 +
ln2(η)
2
+ ln(η)H1(η)− H0,1(η)
]
, (B.11)
G
({√
x(1− x)
xη − η − x,
1
x
}
, 1
)
=
pi
(1− η)2
{
(η + 1) ln(2)− 5η − 1
2
+
√
η
[
H0(η)
+H1(η)−G
({ √
x
1− x
}
, η
)]}
, (B.12)
G
({√
x(1− x)
xη − η − x,
1
1− x
}
, 1
)
=
pi
(1− η)2
{
1
2
(3η + 1)− (η + 1) ln(2)
+
√
η
[
−H1(η) +G
({ √
x
1− x
}
, η
)]}
, (B.13)
G
({
1
ηx− x+ 1 ,
1
x
}
, 1
)
=
Li2(1− η)
η − 1 , (B.14)
G
({√
x(1− x),
√
x(1− x)
xη − η − x
}
, 1
)
=
(η − 3)η2H0(η)
4(η − 1)4 +
√
ηG
({ √
x
1−x ,
1
x
}
, η
)
8 (η − 1)2
−2η
2 − 4η − 1
6(η − 1)3 −
3
(
η − 4√η + 1) ζ2
16(η − 1)2 , (B.15)
G
({
1
x
,
1
ηx− x+ 1
}
, 1
)
= −G
({
1
ηx− x+ 1 ,
1
x
}
, 1
)
, (B.16)
G
({
1
xη − η − x,
1
x
}
, 1
)
= − 1
η − 1
[
ζ2 + H1,0 (η) + H0,0 (η)
]
, (B.17)
G
({
1
xη − η − x,
1
1− x
}
, 1
)
=
1
η − 1
[
ζ2 + H1,0 (η)
]
, (B.18)
G
({
1
x
,
1
xη − η − x
}
, 1
)
=
1
η − 1
[
ζ2 + H1,0 (η) + H0,0 (η)
]
, (B.19)
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G({√
x(1− x)
ηx− x+ 1 ,
1
x
}
, 1
)
= − pi
2(η − 1)2
[
2(1 + η) ln(2) + η − 1
−4√η ln (1 +√η)] , (B.20)
G
({√
x(1− x)
ηx− x+ 1 ,
1
1− x
}
, 1
)
=
pi
2(η − 1)2
[
2(1 + η) ln(2)− η + 1
+2
√
η (ln(η)− 2 ln (1 +√η))] , (B.21)
G
({
1
1
1−η − x
,
1
x+ 1
}
, 1
)
= −2 ln(2) ln
(
η
2− η
)
+ H0,1
(
1− η
2− η
)
−H0,1
(
2(1− η)
2− η
)
(B.22)
G
({
1
ηx− x+ 1 ,
1
x− 1
}
, 1
)
= −
H0,1
(
η−1
η
)
η − 1 , (B.23)
G
({√
x(1− x),
√
x(1− x)
ηx− x+ 1
}
, 1
)
=
(η − 3)η2 ln(η)
4(η − 1)4 −
2η2 − 4η − 1
6(η − 1)3
+
√
ηG
({ √
x
1−x ,
1
x
}
, η
)
8 (η − 1)2 +
3(η + 1)ζ2
16(η − 1)2 , (B.24)
G
({√
x(1− x),
√
x(1− x)
}
, 1
)
=
pi2
128
, (B.25)
G
({√
x(1− x), 1
1− x
}
, 1
)
= − pi
16
(1− 4 ln(2)) , (B.26)
G
({√
x(1− x), 1
x
}
, 1
)
=
pi
16
(1− 4 ln(2)) , (B.27)
G
({
1
x
,
√
x√
1− x
}
, 1
)
= pi
(
−1
2
+ ln(2)
)
, (B.28)
G
({
1
x+ 1
,
√
x√
1− x
}
, 1
)
=
pi
2
[
−3 + 2
√
2− 2 ln
(
1 +
√
2
)
+ 3 ln(2)
]
, (B.29)
G
({ √
x√
1− x,
1
x+ 1
}
, 1
)
= pi
[
− ln(2) + ln
(
1 +
√
2
)
−
√
2 +
3
2
]
, (B.30)
G
({ √
x√
1− x,
√
x(1− x)
x+ 1
}
, 1
)
= −
√
2Li2
(
3− 2
√
2
)
+
√
2Li2
(
−3 + 2
√
2
)
+2 +
pi2
4
(
3
2
−
√
2
)
− 2 ln(2) , (B.31)
G
({√
1− x√
x− 1 ,
√
1− x√
x− 1
}
, 1
)
=
1
8
(4 + pi)2 , (B.32)
G
({√
1− x√
x− 1 ,
√
1− x√
x+ 1
}
, 1
)
=
2
3
− pi + pi
2
8
, (B.33)
G
({√
1− x√
x− 1 ,
√
1− x√
x
}
, 1
)
= −11
3
− pi
2
8
, (B.34)
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G({√
1− x√
x+ 1
,
√
1− x√
x− 1
}
, 1
)
= −14
3
+ pi +
pi2
8
, (B.35)
G
({√
1− x√
x+ 1
,
√
1− x√
x+ 1
}
, 1
)
=
1
8
(−4 + pi)2 , (B.36)
G
({√
1− x√
x+ 1
,
√
1− x√
x
}
, 1
)
=
5
3
− pi
2
8
, (B.37)
G
({ √
x√
1− x,
1
x
}
, 1
)
=
pi
2
− pi ln(2) , (B.38)
G
({√
1− x√
x+ 1
,
1
x
}
, 1
)
= −4 + pi
(
−1
2
+ ln(2)
)
+ 4 ln(2) , (B.39)
G
({√
1− x√
x− 1 ,
1
x− 1
}
, 1
)
= 4 +
pi
2
(1 + 2 ln(2)) , (B.40)
G
({√
1− x√
x− 1 ,
1
x
}
, 1
)
= 4 + pi
(
−1
2
+ ln(2)
)
− 4 ln(2) , (B.41)
G
({√
1− x√
x+ 1
,
1
x− 1
}
, 1
)
= −4 + pi
2
(1 + 2 ln(2)) , (B.42)
G
({ √
x√
1− x,
1
x− 1
}
, 1
)
= −pi
2
(1 + 2 ln(2)) , (B.43)
G
({√
1− x√
x
,
1
x
}
, 1
)
= −pi
2
(1 + 2 ln(2)) , (B.44)
G
({√
1− x√
x
,
1
x− 1
}
, 1
)
=
pi
2
− pi ln(2) . (B.45)
The following identities hold for weight three functions:
G
({ √
x
1− x,
1
x
,
1
x
}
, z
)
=
[
8
√
z − 4H0,−1
(√
z
)− 4H0,1 (√z)]H0 (√z)
+
[−4√z + 2H−1 (√z)+ 2H1 (√z)]H0 (√z)2
+4H0,0,−1
(√
z
)
+ 4H0,0,1
(√
z
)− 8√z , (B.46)
G
({
1
x
,
√
x
1− x,
1
x
}
, z
)
= 4
[−2√z + H0,−1 (√z)+ H0,1 (√z)]H0 (√z)
−8H0,0,−1
(√
z
)− 8H0,0,1 (√z)+ 16√z , (B.47)
G
({
1
1− x,
√
x
1− x,
1
x
}
, z
)
= −4H−1,0
(√
z
)− 4H1,0 (√z)− 2H−1,−1,0 (√z)
−2H−1,1,0
(√
z
)
+ 2H1,−1,0
(√
z
)
+ 2H1,1,0
(√
z
)
+4H−1
(√
z
)
+ 4H1
(√
z
)
+ 8
√
zH0
(√
z
)
−16√z , (B.48)
G
({ √
x
1− x,
1
1− x,
1
x
}
, z
)
=
[
−8√z + (4 + 4√z − 2H1 (√z))H−1 (√z)
−H−1(
√
z)2 + 4
(
1−√z)H1(√z) + H1(√z)2
+4H−1,1(
√
z)
]
H0(
√
z) + 8
√
z − 2H0,−1,−1(
√
z)
−2
[
2 + 2
√
z − H−1(
√
z)− H1(
√
z)
]
H0,−1(
√
z)
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−2
[
2− 2√z + H−1(
√
z) + H1(
√
z)
]
H0,1(
√
z)
−2H0,−1,1(
√
z) + 2H0,1,−1(
√
z) + 2H0,1,1(
√
z) , (B.49)
G
({
1
1− x,
1
x
,
1
x
}
,
1
z
)
= H1,0,0 (z) + H0,0,0 (z) , (B.50)
G
({ √
x
1− x,
1
x
,
1
x
}
,
1
z
)
=
2(z − 1)H0,0 (z)√
z
− 4(z + 1)H0 (z)√
z
+
8(z − 1)√
z
+G
({ √
x
1− x,
1
x
,
1
x
}
, z
)
, (B.51)
G
({√
x(1− x),
√
x(1− x)
xη − η − x,
1
1− x
}
, 1
)
= −(η − 3)η
2
4(η − 1)4 H1,0(η)−
3ζ2
√
η
4(η − 1)2 H1(η)
+
√
η
8(η − 1)2
[
(2ζ2 + 4)G
({ √
x
1−x
}
, η
)
−G
({
1
1−x ,
√
x
1−x ,
1
x
}
, η
)
−G
({ √
x
1−x ,
1
1−x ,
1
x
}
, η
)]
+
53η2 − 16η + 35
144(η − 1)3 +
5η3 − 3η2 + 3η + 3
16(η − 1)4 ζ2
+
(η + 1)
(1− η)2
(
7ζ3
32
− 3
8
ζ2 ln(2)
)
, (B.52)
G
({√
x(1− x),
√
x(1− x)
xη − η − x,
1
x
}
, 1
)
=
(η − 3)η2
4(η − 1)4
[
H0,0 (η) + H1,0 (η)
]
+
√
η
8(η − 1)2
[
6ζ2H1(η) + 6ζ2H0(η)
+G
({
1
1−x ,
√
x
1−x ,
1
x
}
, η
)
+G
({
1
x
,
√
x
1−x ,
1
x
}
, η
)
+G
({ √
x
1−x ,
1
1−x ,
1
x
}
, η
)
+G
({ √
x
1−x ,
1
x
, 1
x
}
, η
)]
−179η
2 − 160η + 53
144(η − 1)3 +
7(η + 1)ζ3
32(η − 1)2
−(ζ2 + 2)
√
η
4(η − 1)2 G
({ √
x
1−x
}
, η
)
+
3(η + 1) ln(2)ζ2
8(η − 1)2
−11η
3 − 21η2 + 21η − 3
16(η − 1)4 ζ2 , (B.53)
G
({
1
x
,
1
xη − η − x,
1
1− x
}
, 1
)
=
1
η − 1
[
ζ3 − 2ζ2H1 (η)− 2H1,1,0 (η)
−H1,0,0 (η)− H0,1,0 (η)
]
, (B.54)
G
({
1
x
,
1
xη − η − x,
1
x
}
, 1
)
=
2
η − 1
[
ζ2H1 (η) + ζ2H0 (η) + H1,1,0 (η)
+H1,0,0 (η) + H0,1,0 (η) + H0,0,0 (η)
]
, (B.55)
G
({√
x(1− x),
√
x(1− x)
ηx− x+ 1 ,
1
1− x
}
, 1
)
=
3 ln(2)ζ2(η + 1)
8(η − 1)2 −
(η − 3)η2
8(η − 1)4
[
ln2(η) + 2H1,0 (η)
]
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+√
η
8(η − 1)2
[
4(1− ζ2)G
({ √
x
1−x
}
, η
)
−G
({
1
1−x ,
√
x
1−x ,
1
x
}
, η
)
−G
({
1
x
,
√
x
1−x ,
1
x
}
, η
)
−G
({ √
x
1−x ,
1
1−x ,
1
x
}
, η
)
−G
({ √
x
1−x ,
1
x
, 1
x
}
, η
)]
+
1
(η − 1)4
[(
−19
16
ζ2 − 7
32
ζ3 +
179
144
)
η3
+
(
45
16
ζ2 +
7
32
ζ3 − 113
48
)
η2 +
3
16
ζ2 − 7
32
ζ3
+
(
−21
16
ζ2 +
7
32
ζ3 +
71
48
)
η − 53
144
]
, (B.56)
G
({√
x(1− x),
√
x(1− x)
ηx− x+ 1 ,
1
x
}
, 1
)
=
(η − 3)η2
4(η − 1)4 H1,0 (η)−
3 ln(2)ζ2(η + 1)
8(η − 1)2
+
√
η
8(η − 1)2
[
4 (ζ2 − 1)G
({ √
x
1−x
}
, η
)
+G
({
1
1−x ,
√
x
1−x ,
1
x
}
, η
)
+G
({ √
x
1−x ,
1
1−x ,
1
x
}
, η
)]
+
1
(η − 1)4
[(
13
16
ζ2 − 7
32
ζ3 − 53
144
)
η3
+
(
−27
16
ζ2 +
7
32
ζ3 +
23
48
)
η2 +
3
16
ζ2 +
35
144
+
(
3
16
ζ2 +
7
32
ζ3 − 17
48
)
η − 7
32
ζ3
]
, (B.57)
G
({√
x(1− x),
√
x(1− x), 1
x
}
, 1
)
= − 7ζ3
128
+
7
192
+
pi2
256
[1− 4 ln(2)] , (B.58)
G
({√
x(1− x),
√
x(1− x), 1
1− x
}
, 1
)
= − 7ζ3
128
+
7
192
− pi
2
256
[1− 4 ln(2)] , (B.59)
G
({
1
x
,
√
x√
1− x,
√
x√
1− x
}
, 1
)
=
3
4
− pi
2
8
[1− 2 ln(2)]− 7
8
ζ3 , (B.60)
G
({
1
x+ 1
,
√
x√
1− x,
√
x√
1− x
}
, 1
)
=
5
4
− ln(2) + pi
2
8
[
2
√
2− 3 + ln
(
24− 16
√
2
)]
−
√
2Li2
(
3− 2
√
2
)
+
√
2Li2
(
−3 + 2
√
2
)
−1
2
Li3
(
3− 2
√
2
)
+
1
2
Li3
(
−3 + 2
√
2
)
, (B.61)
G
({ √
x√
1− x,
√
x√
1− x,
1
x
}
, 1
)
= −3ζ2 ln(2)
2
+
3ζ2
4
− 7ζ3
8
+
3
4
, (B.62)
G
({ √
x√
1− x,
√
x√
1− x,
1
x+ 1
}
, 1
)
= −15ζ2 ln(2)
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